219Chapter 7Strictness analysis

7.1Strictness7.2Abstract interpretation7.3Basic domain theory7.4Strictness analysis usingabstract interpretation7.5Analysing function definitions7.6Analysing non-flat domains7.7Abstract reduction7.8Strictness analysis usingabstract reduction

Programs in lazy functional languages are evaluated lazily. The order ofevaluation corresponds to normal order reduction of an equivalent l-term in the l-calculus. It also corresponds to evaluation according tothe functional strategy for an equivalent FTRS or FGRS. Each of theseevaluation orders is normalizing for its corresponding system.However, in practice, lazy evaluation has as a disadvantage thatthis order of evaluation is not very efficient. In many cases, a lot of effi-ciency (both in space and time) can be gained when eager evaluationis chosen instead of lazy evaluation, both for sequential (see Part 4) aswell as for parallel implementations (see Part 5). Eager evaluation cor-responds in the l-calculus to applicative order reduction, while inFTRSs and FGRSs it corresponds to innermost strategies.As shown in the previous part of this book one cannot simplychange the overall evaluation order from lazy to eager. The normal or-der reduction strategy as well as the functional strategy are both hyper-normalizing (see Part 2). So if the corresponding evaluation orders arediluted with an arbitrary finite number of reduction steps, the result willalways be the same. The problem is that by switching to eager evalua-tion the default strategy might be diluted with an infinite number of re-duction steps. This can lead to a change in the termination behaviour ofthe program. So the evaluation order can only be changed at thoseplaces where it is certain that the termination behaviour of the programis not affected. The arguments in which a function is strict have thisproperty.A function is strict in a certain argument if the (eager) evaluationof that argument does not change the termination behaviour of the pro-

220STRICTNESS ANALYSISgram. Strictness analysis is a compile-time analysis of a program that isused to tell whether or not a function is strict in its arguments. Thisstrictness information is used to change the default reduction order atcertain points in the program such that the performance of that programis improved. Whether or not a function is strict in a certain argument is,of course, in general undecidable. So strictness analysers use somekind of approximation method. Such an approximation method must besafe, i.e. the termination behaviour of a program has to remain un-changed.There are various kinds and levels of approximations and there-fore also various kinds of strictness analysers. Good strictness analy-sers are complex programs: for a good approximation it is not sufficientjust to look at the syntactic structure of a program, as is the case withtype assignment systems. For an accurate analysis some kind of ap-proximation of the run-time behaviour of a program has to be performedat compile-time. This technique is known as abstract interpretation.Strictness is explained in Section 7.1. A general introduction inabstract interpretation is given in Section 7.2. Some necessary basicformal knowledge about domain theory is presented in Section 7.3.Then, strictness analysis for lazy functional languages based on ab-stract interpretation is explained. This technique, introduced by Mycroft(1981), can only deal with first-order functions and flat domains (Section7.4). In Section 7.5 we explain how one can deal with recursive func-tions and higher order functions (Burn et al., 1985). The analysis forlists (Wadler, 1987) is treated in Section 7.6.Sections 7.7 and 7.8 explore a related approximation method thatcan deal with arbitrary data structures. This method is known as ab-stract reduction (N�cker, 1988; 1993). An analyser based on abstractreduction is incorporated in the Clean System (see Chapter 8).7.1StrictnessA function is strict in a certain argument if the (eager) evaluation ofthat argument does not change the termination behaviour of the pro-gram. Formally, this can be defined as follows: a function f of arity n isstrict in its ith argument ifff x1 � xi—1 ^ xi+1 � xn=^for all possible values xj (j „ i). In this definition ^ (bottom) stands forany non-terminating expression.A strict argument can arise in two situations. In the first place itcan be the case that an argument is needed (see Chapter 4), i.e. it cer-tainly has to be reduced in each possible application of the function. Sowhen an argument is needed it can be evaluated in advance withoutchanging the termination behaviour of the function. This property is

STRICTNESS 221very important for changing lazy evaluation into eager evaluation. Inthe second place an argument is strict when the function represents aninfinite computation, even disregarding the argument.Example of strictness due to neededness:g x=x + 1The function g is strict in x because the value of x is needed for the addition.Hence, x can be evaluated safely before applying g. If the evaluation of x doesnot terminate, the lazy strategy would also end up in non-termination becausex would be evaluated anyway. So indeed: g ^ = ^.Example of strictness due to non-termination:g x=g xIn spite of the fact that x is not needed in g, it is still safe to evaluate it beforeapplying g. The termination properties remain the same: g ^ = ^.Strictness analysis is a compile-time analysis of the strictnessproperties of a program. Strictness is in general undecidable. So inher-ently strictness analysers use some kind of approximation methodwhich is safe, i.e. the termination behaviour of a program has to remainunchanged. Two analysis methods are described in this chapter: ab-stract interpretation and abstract reduction.7.2Abstract interpretationThe technique of abstract interpretation is used to perform a compile-time analysis of certain properties of a complex computation. It is oftenused to perform strictness analysis, but the technique can also be used toanalyse many other properties, such as the complexity of a program, orto predict whether a computation is shared or not. The basic idea of themethod is that the standard interpretation at run-time (the ordinary,possibly non-terminating, evaluation of the program) is approximatedby a terminating abstract interpretation at compile-time. To make thiscompile-time evaluation possible, only those evaluation aspects are re-garded that are needed for the derivation of the desired property. So thekind of analysis is highly dependent upon the property of interest.7.2.1Rule of signsAs an example the well-known �rule of signs� is presented. Assume thatone is interested in the sign of the result of a multiplication of integervalues. The sign of the result can be calculated in two ways: either by

222STRICTNESS ANALYSISfirst calculating the result and then taking the sign or by first taking thesign of the arguments and then deducing the sign of the result.Take the following computation:—33 * 728 * —301fi+7231224The obvious way to find out the sign of the result is by simply calculating theresult, +7231224, which obviously is positive. The other method only looks atthe signs of the arguments:(—) * (+) * (—)fi(+)The sign of the result follows by applying a special �multiplication� on signs.Formally, the first method starts with calculating the result in the do-main Z of numbers as usual (with the standard interpretation). Then, anabstraction of the result from that domain to an abstract domain Z# ofrepresentations of signs is made.The first method calculates the sign after performing a standard multiplication.abs +7231224fipluswhere the abstraction function abs and the domains Z and Z# are defined as:Z={ �, —2, —1, 0, 1, 2, � }Z#={minus, zero, plus}abs:: Z fi Z#abs x=plus,if x > 0=minus,if x < 0=zero,otherwiseThe second method first abstracts numbers to signs with the ab-straction function from Z to Z#. Then, instead of the standard multiplica-tion in Z an abstract multiplication is performed in Z#.Abstract multiplication is an abstract function from Z# to Z#. Do notconfuse such an abstract function with the abstraction function that isdefined from Z to Z#.The second method uses an abstract multiplication *#: an abstract version (inprefix form) of the standard multiplication, working on abstracted values.*# (abs —33) (*# (abs 728) (abs —301))fi*# minus (*# plus minus)fi*# minus minusfiplus

ABSTRACT INTERPRETATION 223where the abstract multiplication *# is defined as:*#:: Z# x Z# fi Z#*# plusplus=plus*# pluszero=zero*# zeroplus=zero*# plusminus=minus*# minusplus=minus*# minuszero=zero*# zerominus=zero*# zerozero=zero*# minusminus=plusa aSo the sign of the result of a multiplication can be obtained in two ways(see Figure 7.1). The first way corresponds to the arrows going from Z to Z (using the standard interpretation) and then from Z to # (an ab-). The second way corresponds to the arrows going fromZ x Z to Z# # (an abstraction from Z x Z) and then from Z# # to (using an abstract interpretation). Both ways reach the same property,sented by an element of . But, with abstract interpretation the re-We have shown that abstract interpretation can be used to derive signsof multiplicative expressions. However, not all properties can be de-Assume that we want to calculate the sign of the result of integer addition via

The third alternative is problematic. The sign of the addition of a positive anda negative value can only be computed by actually doing the computation. Inthe abstract domain the result is unknown. This can be expressed by adding aalso has to take care that the new value unknown can appear as an argument ofWhen the outcome of the abstract addition yields the value unknown nothingIn the abstract domain various approximations are possible. If avalue in the abstract domain represents many elements in the concretedomain, it is a coarser approximation than an abstract value x reping fewer of these concrete elements. The operator (less than or equal)expresses this ordering. If £ then represents fewer concrete ele- than y. So x contains i n formation than . The inverse ab-straction function abs—1 yields, given a value v# in the abstract dothe set of all corresponding values in the concrete domain for which—1 v# = v. Formally, the abstract ordering is defined as x £ iff absAll integers in the concrete domain Z correspond to the value unknown,, for instance, only the positive integers correspond to the abstractNot all elements in Z# contain the same amount of information. Soin some cases the abstract interpretation is less informative. Thereforeonly an approximation of the desired property can be found. Such anmation should not yield wrong results, i.e. be in contradictionwith the results obtained by using the standard interpretation. However,being an approximation it may contain less information. The main refor all elements in the concrete domain (�stands for function composi-For deriving the sign for multiplication there is no difference between the outSo due to the loss of information, abstract interpretation will generallyonly give an approximation. This does not have to be a serious problem.A decidable analysis at compile-time that can predict an unrun-time property of a program can only be achieved by using an ap-For a further understanding of strictness analysis via abstract inter-The fundamental concept in domain is a semantic domain, a setof elements grouped together because they share some common prop-erty or use. In the literature many approaches, more or less equivacan be found (see, for example, Markovsky (1976), Stoy (1977)). All ofthem are based on the concept of a complete artial o (cpo). Aset with an ordering relation over that set £ (or £ for short) is a comand anti-symmetric: if d £ e for d,e D and d e, then not and, for each increasing sequence = d £d £� £d £� in

A pictorial representation ofa finite semantic domain isshown in Figure 7.2. Allpoints represent elements ofthe domain. The arcs definethe ordering. If x and areconnected and is �below�

<{0,1}, £> with 0 £ 1. The least element is 0; for the sequence 0 £ 1 the least, £> with ^ £ n, n ^ where is the set of natural numbers extendedwith a bottom element: N {} (also called the lifted domain of ). Notethat the has nothing to do with the ordinary less than or equal: elements of <P({0, 1, 2}), £> where P({0, 1, 2}) is the powerset of the set {0, 1, 2} containing all subsets of this set: {{}, {0}, {1}, {2}, {0, 1}, {0, 2}, � , {0, 1, 2}}A function E is iff for all D, if , then A monotonic function iff for every increas-If a function is continuous, it is also monotonic. For finite domains thetwo are equivalent. The intuitive meaning of monotonicity is that all�nice� properties and the structure of a domain are maintained. For ex-ample, an increasing sequence stays an increasing sequence after function application. Continuity ensures that there is no surprise at least up-per bounds: the least upper bound of an increasing sequence stays aStarting with domains new domains can be constructed. Suppose and are domains. Then the productdomain is defined as: The function domain D contains all continuous functionsfrom D to . It is defined as: D fi = <{ | is a continuous functionfrom to E}, >. The ordering relation for the function domain isThe domain contains only two values, and . Therefore only four funcOnly the function fI is not continuous, so the function domain is

For continuous functions the fixed point theorem holds: if :: D D is

This least fixed point can be constructed as follows:d = ¨ {f | n ‡ This set equals {^, , ( ), �}. So it follows that if the domain D is, the least fixed point can be found in finite time: just start comput-ing the sequence ^, , ( ^), � (which is increasing since is continuIn this section strictness analysis is discussed for a very restricted sittion: only simple non-recursive functions are considered working on aflat domain D of integers, booleans and the like. Function bodies canonly contain function applications (non-recursive, no higher order), con-stants (numbers, booleans etc.) and variables. So it is assumed that gen-To make an abstract interpretation to determine strictness two things

First an abstraction function abs and a domain # have to be found inwhich the strictness property can be expressed. Then, the interpretafunction f# has to be defined working on the abstract . For eachpossible function f such an abstract interpretation function f# has to beThe strictness question contains entities like �all possible values�and �any non-terminating expression�. So it is natural to represent thesethe value representing all possible (terminating as well as non-the value representing all non-terminating () expressions

# is a domain with 0 £ 1 (since the set of all non-terminating expres-sions is a subset of the set of all possible expressions); 0 is the least elThe abstraction function abs is clearly undecidable. Fortunately,the abstraction does not actually have to be made. Suppose that for ancan be solved. Then, the remaining problem is to find the proper ab-stract version f# for each function f, and to prove that this abstraction issafe (abs . f# . abs). It can be proven that it is possible to constructabstract functions in such a way that the abstraction is safe. Proofs likethis go beyond the scope of this book. For a more formal treatment ofstrictness analysis and abstract interpretation the reader is referred toOwing to the safety criterion the actual determination of the unde-For the construction of an abstract function f# a transformation func# can be defined that translates an arbitrary function f over n to its ab-

Next we show how this transformation function has to be defined. TheFirst, assume that a right-hand side of a function body only consists ofconstants, variables and applications of other functions. Constant ex-pressions always terminate, so # [ constant = . The translation functionNow consider abstract versions of simple functions like -rules. Take,for example, the addition. To perform an addition both arguments areneeded. So clearly, ^ + E = for all expressions . In the abstract worldthis means that always +# 0 x = 0. In this way +# can be defined for allpossible arguments. It follows that equals the logical AND operator The same holds for multiplication and many other -rules. So the ab-A more difficult standard function is the conditional. The condition in aconditional expression is needed, so: if ^ t e = . Hence, in the abstractworld: if# 0 t e = 0 for all t and e in #. Furthermore, either the �then� orthe �else� part is needed. Non-termination is possible if only one of

�then� and �else� parts are non-terminating. The abstract conditional isThe definitions above can be used for deriving abstract versions ofsimple functions. Clearly, it can be the case that in the resulting abstractNow this abstract function can be used for deriving strictness information byFrom the first two derivations it can be concluded that f is strict in x and This is what would be expected: will always be evaluated in the condition, will always be evaluated because it appears in both the �then� and �else�branches of the conditional. Of course, it cannot be concluded from thederivations above that f is not strict in . Consider a slightly different definiAbstract interpretation will give that #1 1 0 = 1. However, f is strict in z, be

In general, however, (mutually) recursive functions can lead to a non-terminating reduction in the abstract world. It is in principle undecidableSince is the upper bound of , it is always true that x � xn . Thiscan be used to stop a (possibly infinite) computation at any moment toapproximate the result with 1. In this way the interpretation stays safe,With some help from domain theory the problem can be solved.cause is a domain, the continuous functions over it also form a do-main. Since # is finite, the domain # # # is also finite. Abstractfunctions that are constructed with continuous functions like , | and With abstract functions that are defined by a recursive equation,initially the only thing that is known of the function is the recursiveequation and the fact that it is continuous. Since for finite domains thismeans that the function is also monotonic, the function can be apmated from below by a fixed point computation as follows: if f# is afunction of arity n, defined by the equation f# x1 � xn = E, then functionswhere x := means that all occurrences of x have to be replaced by This sequence of functions is increasing. Therefore it has a least upper takes a function and returns the next approximation which is a continuous function as well. Hence, this function has a fixed point for which d d, i.e. E f# := f = f. This corresponds directly to the solution of theequation being found. Therefore, the computation via an apincreasing sequence is a proper fixed point computation. In the case ofmutually recursive functions a set of equations has to be solved simulta-neously with a fixed point calculation. As a first approximation allfunctions are returning the bottom element for all their arguments. EachThe sequence for this function converges quickly. The first and second eleA disadvantage of the method is that it requires that functions are testedfor equality. Two functions are equal if they yield the same value foreach possible combination of arguments. Because the complexity ofcomparing functions is exponential in the number of arguments, thederivation of the fixed point can be computationally expensive. In prac-tice, the fixed point can often be found quickly. In the example above,one can see directly without computing any result that f#1 and f#2 areequal. However, a brute force comparison of #1 and f#2quires comUntil now only functions working from n to were considered. Strict

The first element of hof is a function: an element of D x D assumed that delivers an element of . For finding the abstract function hof# the sameThe test for strictness becomes difficult because hof# 0 1 1 cannot be com-puted. The first argument of hof# is of the wrong type. It should be a memberof the domain x D so the appropriate top and bottom elements fromIn order to deal with higher order functions new functions for the top el-ement and bottom element have to be defined in the appropriate do-main. So the bottom element is represented by a function that alwaysWith these elements the strictness properties of hof can be determined: hof isFunctions over higher order functions can be recursive as well. Thefixed point technique for recursive functions must now be applied inThe function rechof#u has to be found in the domain (D# x D# D#) x D# x#. For testing whether rechof is strict in argument x no fixed point computation has to be done. But for determining the strictness in a least upper bound

Fortunately, many programs do not contain very complex higher orderSo far, only functions over flat domains such as integers and booleansare considered. No lists or other data types (constructors) were in-volved. Again, the analysis method described above can easily be ex-where Con is a constructor of arity n. The disadvantage of such a roughIt can easily be seen that is strict in its argument: the list given to sum canbe evaluated to head normal form before applying sum to it. Furthermore, allThe example above shows that for data structures like listsanother kind of strictness analysis is required. The kind of strictnesscannot be found by the abstract interpretation used thus far. But whatabstract interpretation is strong enough for finding this kind of informa-tion? The most natural way seems to maintain the constructors in theSo the abstract domain (for lists) contains elements like Cons#Nil# 0 (Cons#0 etc. This (non-flat) domain has a disadvantage: thedomain is in general infinite. As a consequence, fixed point compu-tations are no longer possible. Also, the kind of evaluation needed forthe sum example is very difficult to express in this domain. What isneeded is a finite domain in which several kinds of termination propertyThe method of Wadler (1987) is based on the observation that only spine reduction: reduction of the �spine� [e, , � , em] of a list,element reduction: reduction of the spine of the list and reductionAll these kinds of reduction have to be represented in the abstract do-Let LD be the domain of lists over the simple values of . The followingthe bottom element, representing all certainly non-terrepresents the same as Inf extended with lists with atThese values are sometimes also represented as the numbers , 1, 2 and3. We shall use the above notation to prevent confusion with the ele-ments of the domain and ). In this analysis an infinite list can be areal infinite list as well as a list of which the tail is a non-terminating re-duction. As a consequence, the domain LD# has the following ordering:

£ Inf £ £ TopMem. The meaning of these values is explainedby considering the function f::LD . Suppose that in the abstract do-reduction to head normal form: if # Bot= , it is known that callingf with a non-terminating reduction will result in non-termi(hence f = ). The argument of f can be reduced safely to headspine reduction: if f# Inf 0, it is known that calling with an infi-nite list will result in non-termination (hence inflist^, where is some infinite list). Note that then also Bot = 0 since is continuous. In this case the spine of the argument of can safely be eval-element reduction: if # = 0, it is known that calling f with alist containing a non-terminating element will result in non-termi-nation (hence botelemlist ^, where botelemlist is such a list). Notethat then also #Inf = 0 and f# Bot 0. In this case both the spine andthe elements of the argument of f can safely be evaluated beforeif f# TopMem 0, an application of f will never terminate (then also

For the construction of the abstract functions so far only a translation ofthe right-hand side was necessary. Now also pattern matching on theThe translation is explained by considering a more or less generaltion definition (in which E and are functions with respectivelyzero and two arguments representing the right-hand sides of the alterna-The abstract function f# is now examined for the four possible arguThe result of f# Bot corresponds to the result of a call to f with anon-terminating element: f ^. Because the pattern matching never willminate, the result of this will be , corresponding to bottom in the reThe result of f# Inf corresponds to the result of a call to with an innite list. Hence, the second member of f will always match. What canbe said of the head and tail of an infinite list? The head (variable h) canhave any value (Top), and in the abstract domain all occurrences of vari-able h can be replaced by 1. The tail of an infinite list can either be anon-terminating reduction (^), or it can also be an infinite list. There-fore, in the abstract domain variable t can be replaced by Bot or Inf. Theresult in the abstract domain will be the least upper bound of both pos-sibilities (the smallest safe value in the abstract domain). Since all ab-stract functions are monotonic it is sufficient to replace the variable byA similar construction can be made for determining BotMemcorresponds to calling f with a list containing at least one element thatdoes not terminate. This implies that in this case the second member of will always match. Again two possibilities arise: either the head of thelist does not terminate, in which case nothing more can be said aboutthe tail, or the head of the list might terminate, in which case the tail ofthe list has to contain the non-terminating element. In the abstract worldthe first case corresponds to replacing variable h by 0 and variable t byTopMem. The second case corresponds to replacing variable h by 1 andLastly, the same procedure has to be followed for TopMem. Func- is called with some list. One of the two members will match. If the

Extending the method to functions with more arguments and moreAnother part of the translation scheme is formed by the right-handsides. With the list constructors special things have to be done. (or is clearly a terminating list, and its abstract representation is The Cons of a non-terminating expression and some list is a listwith a non-terminating element, or abstractly: Cons 0 TopMem = BotMem

Consider for example the function reverse: it reverses a list by using the stanConvert pattern matching (with E = [ ] and N h t = append (reverse t) (h:[ ]

The resulting equations will still have to be solved to achieve properabstract function definitions. Also the following defining equations ofSome of the resulting equations are solved directly, e.g. for the functionis_empty. For a function like sum, however, the abstract equation is re-sive. As for functions over the domain , a fixed point computationhas to be performed to solve this recursive equation. For the functions and length this is easy since sum# Inf, sum#BotMem and # Inf are

For reverse the computation is more complex: first the values for thefunction append should be known, then a fixed point of can beFor mutually recursive function definitions fixed points cannot becalculated separately. In such a case the fixed points have to be calcu-To derive more information for lists with more complex elements, an-other abstract domain has to be constructed. Suppose the list consists ofelements of a domain S for which the abstract domain # contains n elements (i £ n). The abstract domain LS# is constructed as follows. LScontains the elements Inf and Bot. Furthermore, for each element s of Then, for example, BotMemMem corresponds to lists that have at leastone element that is a list containing at least one element that is bottom.It will be clear that this kind of strictness analysis is difficult whenmore complicated data structures (e.g. trees) are taken into account. Inthat case the abstract domains that have to be constructed are compli-

Another strictness information deduction method is based on . With both abstract intion and abstract reduction acompile-time abstract computation is performed in an abstract doAn important difference is that abstract reduction takes arbitrary datastructures (data constructors) into account as well as pattern matchingon these data constructors. Abstract reduction can be regarded as a spe-cial kind of symbolic graph rewriting and is therefore based on GRSs,A disadvantage of the possibility of handling arbitrary data struc-tures is that the abstract domain in which the abstract reduction takesplace can become infinite. Hence the computation of a fixed point cantake an infinite amount of time. So, in principle, strictness analysisbased on abstract reduction may not terminate. In practice, an approxmating analyser can be defined that will terminate and that will findIn this section proofs of properties are omitted. For further detailsStrictness analysis via abstract reduction proceeds as follows: via anundecidable abstraction function the concrete domain is abto the abstract power domain #. PS# is defined by first taking the of , i.e. the set P S of all subsets of S. Then, # is constructed by joining every element of PS with the set of all non-termi-nating and undefined expressions of S. In this way Bot is the least ele-ment of the domain PS#. The greatest element of PS# is , from now onferred to as . PS# is in general an infinite domain since S˚ can beNo distinction is made between a partial function that is undefinedfor a particular value of its arguments and a function that is non-termi-nating for a particular value of its arguments. Both kinds of function areAn important advantage of the abstract domain PS# is that it contains all subsets of all kinds of expressions. This enables reasoningabout all kinds of structures without the necessity to define special ab-stract domains for it. Another consequence is that a least upper bound exists for any two elements in the abstract domain and that thisRewriting in PS implies that rewriting is now defined on sets. The

Below, the method of abstract reduction will be explained. Com-pared with abstract interpretation the construction of abstract functionswill turn out to be a trivial task. The important aspect of the analFunctions defined on S are transformed into abstract functions definedon PS# in the following way. Assume that a function of arity n is deFor the construction of an abstract function the following transforma-tion function # can be defined that translates an arbitrary function overFor the following function definitions the corresponding abstracted functions

In principle, the functional strategy is used for reduction as usual. How-ever, rewriting in the abstract domain is defined on . In order to de-fine rewriting on sets some small changes are necessary. A varileft-hand side now stands for the set of all expressions (Top). Further-more, four situations have to be distinguished during the patThere is a total match: the formal argument is a superset of the argument, i.e. the actual argument is contained in the formalThere is a partial match: the actual argument is a superset of theformal argument. When there is a partial match another rule alternative may be applicable as well. So although a match has beenfound and matching can continue with this rule alternative, the nextrule alternatives also have to be considered with as actual argumentthe remaining non-matching part of the original argument. The remaining part is defined as follows: if A is the actual argument, the formal argument and B, then the remaining part is all elements of that are not contained in B, united with Bot. This is de-There is an match: the formal argument is a non-variable;the actual argument is . This case corresponds to forcing evalua-tion of a non-terminating expression to match it against a non-vari-able pattern. This will lead to a non-terminating reduction in theconcrete world. In the abstract world the rule alternative is appli-There is no match: none of the previous cases arises: the rule al-ternative is not applicable. Matching proceeds with the next rule

After the matching phase rewriting is done accordingly with thespecial extension that when more than one rule alternative is applicableIf none of the rule alternatives matches, the result of the rewritingIn an implementation of abstract reduction, for reasons of effi-ciency and termination, further approximations can be made (see alsoSection 7.8.1). For example, one can approximate all numbers by TopIn the case of a partial match one can continue with the complete argu-ment instead of with the remaining non-matching part. Another opti-mization concerns the use of graph structures in the analysis. Combinedwith sensible criteria for termination (see Section 7.8.1), an efficientThe concrete reduction in the standard domain is approximated by re-duction on sets in the abstract domain. Approximation takes place intwo ways. Firstly, the objects of reduction are sets of which the ele-ments cannot be distinguished any more. Secondly, the reduct can be aJust as with abstract interpretation the safety criterion has to hold.For abstract reduction the safety criterion) means that forevery function, when it is applied with concrete arguments, the abtion of all its results has to be a subset of the set of the results of the cor-responding abstract function applied on all corresponding abstract arIn other words, the safety criterion for abstract reduction quires that for all it holds that when are defined as Matching and rewriting on sets are defined in such a way that thissafety criterion holds. As a consequence, the strictness question for the

Consider again an example of Section 7.5: f x y z = if (x = 0) (y + z) (x — y)The abstract reduction for the various strictness questions yields the same anHowever, with respect to the strictness of f# of the example in Section 7.7.2So f# is strict in its first argument. This fact would not have been found usingStrictness analysis using abstract reduction on sets can be per-formed relatively easily. The introduction of new constructors does notincrease the complexity of the analysis. Owing to the possibility of per-forming pattern matching on abstract constructors, results can be ob-tained that are much harder to obtain with strictness analysis based onabstract interpretation. However, abstract reduction has the disadvanSince the domain PS# is infinite a fixed point analysis cannot be per

Although in principle the analysis is non-terminating, it can always bestopped. When it is stopped the result is approximated. Fortunately, it isalways safe to approximate a reduction with Top since this set conall possible terms. Some limit must be placed upon the reduction se-quence. For instance, we can use the depth of the recursion in the retion, or the number of reductions that have been performed in the anal-ysis, or the length of the term that is analysed. An implementation crite-rion can also be the depth of the recursion stack, or the time needed, orIn certain special cases an analysis of the reduction path (pathanalysis) can introduce an extra stop criterion when the analysis leads tosion that a non-terminating reduction is going on. An exSuppose an analysis of the reduction path yields the followingabout a term : E(t) in which is an expression, not in head norform, in which occurs. When the reduction of is needed to reduce the term t in E(t) can be replaced by Bot. When it is not known whetherthe reduction of t is needed to reduce E(t), the term t in can be re-Consider one of the examples of Section 7.5.1: f x y = if (x = 0) y (f (x — 1) y)For this case path analysis yields the same answer as the fixed point analysisOther questions than the standard strictness question fit nicely in thegeneral framework of abstract reduction. Consider, for example, strict-ness analysis on non-flat domains, e.g. list structures. With abstract intion the most simple analysis is done via the introduction of thefour-point domain for which appropriate abstract functions have to beconstructed. With abstract reduction a similar analysis can be performeddirectly. The elements of the four-point domain correspond directlyThese sets are elements of the domain PS# and as sets they obey thefollowing relation: Bot Inf TopMem which corresponds toIn order to perform abstract reduction, first abstract functions haveto be constructed, and then strictness questions can be asked. The resultsof the abstract functions for each of the indicated sets can be computedin the standard way using abstract reduction. Note that the abstractfunctions are not just defined on the four special sets, but are defined onIn order to be able to perform the pattern matching on the indisets, more about the structure of these sets has to be known. The follow

Another important aspect of abstract reduction is the fact that no restriction is imposed on the considered structures. The strict-ness of functions that manipulate user-defined data structures can be in-vestigated in the same way as the strictness of lists. Furthermore, thecomplexity of the analysis does not explode if more complex structuresare considered. There is no necessity to define more complicated do-mains (with more complex fixed point analysis) for such structures. Anincreasing complexity of the structures that are considered only leads toincreasing complexity of the arguments of the abstract functions. Thecomplexity of the path analysis and of the abstract reduction itself doesA function is strict in a certain argument if evaluation of that ar-Strictness analysis is a compile-time analysis to obtain information. It can be used to change the reduction order in such aStrictness is inherently undecidable. Therefore, practical strictnessanalysis always deals with that must be safe, i.e.Two general techniques of strictness analysis are discussed: ab-stract interpretation on finite abstract domains and abstract reduc-Abstract interpretation approximates strictness via an analysis in afinite domain that is constructed with the purpose of answering aThe use of continuous functions on the finite domain makes itFor more complex information more complex domains have

Abstract reduction approximates strictness via a special way of re-Pattern matching and reduction with sets is defined in a In principle, abstract reduction is non-terminating. However,path analysis and practical heuristics make it possible toavoid this non-termination in practice at the price of makingRecursive set equations are used to deal with pattern matchingWithin the general framework of abstract reduction, strictnessof all kinds of structures is relatively easily examined since itis not necessary to construct new domains and abstract functions for every new kind of question. No explosion of com-

Give for each element of the four-point domain (Inf, Bot) an element of the concrete domain such that x abs—1 Give the defining equations of the abstract function # in theSolve with the resulting definition of # the defining equations of reverse# in Section 7.6.2. Derive the required strictness in-Derive both using abstract interpretation as well as using abstract