185Part 3Analysis offunctional programs

Chapter 6Type assignment systemsChapter 7Strictness analysis

186ANALYSIS OF FUNCTIONAL PROGRAMSThis part treats two important kinds of static analysis of functional pro-grams: type assignment systems and strictness analysis.The purpose of static analysis is to deduce certain properties of aparticular program at compile-time. The properties that are of interestcan vary from properties that are important for the correctness of theprogram, such as type checking, to properties that are important for anefficient execution, such as complexity analysis, termination analysis,reference count analysis and strictness analysis.Properties are generally studied on the level of the model of com-putation. Most interesting properties turn out to be undecidable. There-fore, with a static analysis usually only a decidable approximation of thedesired property can be derived. This results in a methodology for theanalysis that can be applied on the level of the model and also in prac-tice directly on some internal data structure of a compiler. Every staticanalysis tries to deduce at compile-time as much information as possiblefrom the program.Type systems are traditionally studied in the l-calculus via formalschemes to infer types of l-terms. We also study a type system forTRSs that can easily be transferred to FGRSs.Strictness analysis is usually also studied in the l-calculus via atechnique called abstract interpretation. We also describe a methodol-ogy for the analysis that is performed in rewriting systems via a tech-nique called abstract reduction.

187Chapter 6Type assignment systems

6.1Type assignment for thel-calculus6.2Polymorphism and recursion6.3Type assignment for termrewriting systems

Adding type information to a program is important for several reasons.Type information makes a program more readable because it gives ahuman being additional information about the structure of a program.Furthermore, type information plays an essential role in the implemen-tation: the information is needed to obtain an efficient implementationand it also makes separate compilation of program modules possible(see Part 4). However, one of the most important aspects of type sys-tems is that they warn the programmer at an early stage (at compile-time) if a program contains severe errors. If a program is type-errorfree, it is assumed to be safe to run: �Typed programs cannot go wrong�(Milner, 1978). So a compile-time analysis of a program rejects pro-grams in which errors may occur at run-time. However, some errorsdepend on the values computed at run-time (e.g. divide by zero or stackoverflow). They cannot be detected at compile-time. So only somespecial classes of run-time errors can be found at compile-time.Typing concerns the analysis of the domain and the range onwhich functions are defined and a check that these functions are indeedapplied consistently. The exact domain and range of a function can de-pend on its run-time behaviour and is therefore undecidable at compile-time. A decidable compile-time approximation can be found by lookingat the syntactic structure of the program only. This chapter deals withsuch type assignment systems for functional languages.Although, as shown in Part 2, graph rewriting systems are bestsuited as a basis to reason about functional languages and their imple-mentation, a type system that exploits the special properties of GRSs(e.g. by using cyclic types) has not yet been developed. Therefore, typesystems for functional languages are still based upon type systems forthe l-calculus. In this chapter, type systems are treated in their histori-

188TYPE ASSIGNMENT SYSTEMScal context: the l-calculus, followed by a context that is more close tofunctional languages: term rewriting systems. These type systems forthe l-calculus and TRSs can be transferred easily to FGRSs.The basis of every type system for the l-calculus (Section 6.1)has been defined by H.B. Curry (Curry and Feys, 1958). Type assign-ment in this system is decidable and most type assignment algorithmsused in functional programming languages are based upon it. Unfortu-nately, the type system can only type terms that are strongly normal-izing, i.e. terms that reduce to normal form in all possible reduction or-ders. Furthermore, the type system can only type a subclass of thesestrongly normalizing terms. This subclass does not contain terms inwhich self-application occurs. Examples of terms with self-applicationare fixed point combinators which play an essential role in dealing withrecursion.The l-calculus, and a type assignment system for it, can be ex-tended in a natural way to incorporate recursion. In this chapter it willbe done by presenting an intermediate language L+ (Section 6.2) inwhich l-terms can be named such that recursion can be expressed.Both Milner�s as well as Mycroft�s type assignment systems are pre-sented. Their properties are analysed and compared.Finally, also type assignment on TRSs is discussed (Section 6.3)as a generalization of the Mycroft type assignment system for L+. Itturns out that some general properties of Mycroft�s system (like subjectreduction) are only valid for TRSs under certain restrictions.6.1Type assignment for the l-calculusH.B. Curry was the first to study typing for the pure l-calculus. He de-signed a straightforward system that is completely syntax-directed: likethe definition of the set of l-terms, the Curry type system also expressesabstraction (function definition) and (function) application.First, the basic concepts of this system are explained using the con-cept of typed trees. A tree representation of a l-term can be labelledwith types according to type assignment rules. The resulting typed treecorresponds with a formal logic deduction in standard type theory. Sucha deduction is constructed with inference rules that correspond directlyto the type assignment rules that label the tree.Then, it is shown how intuitively a type can be derived in this sys-tem. A formal specification of several related type assignment algo-rithms is given in a functional style.Finally, some general properties of the Curry system are discussed.6.1.1Basic concepts of the Curry type systemIntuitively, the Curry type system restricts all occurrences of the samebound variable to have the same type and furthermore in every applica-

TYPE ASSIGNMENT FOR THE l-CALCULUS 189tion the argument is of the desired domain type and the result of thefunction applied to that argument has to be of the desired range type.This means that a function definition is of type s fi t if the function bodyis of type t (the range) and in the body the argument is used consistentlywith type s (the domain). For a function application this means that theapplication is of type t when a function of type s fi t is applied to an ar-gument of type s.Curry typesThe set of Curry types contains all types that can be built from typevariables and the type constructor fi (arrow). Its inductive definition is:(1)all type variables j0, j1, � are Curry types.(2)if s and t are Curry types, then (sfit) is a Curry type.In this chapter, s, t, r0, r1, � are used to name arbitrary Curry types. Mand N are used to name arbitrary l-terms. Not all brackets are used inthe notation of a type. The arrow constructor is right associative andoutermost brackets are omitted.Typed treesAssigning a type to a l-term consists of first constructing a tree repre-sentation of that term (see Chapter 3), extended with an edge to the rootnode. Then, the nodes and edges of this tree are labelled by adding la-bels of the form �::�, followed by a type. This results in a typed tree(Figure 6.1).a

aFigure 6.1A typed tree for respectively, x, x.x and x.x). Notethat in the rightmost tree j0 was assumed in the leftA typed tree is a tree representation of a l-expression lawith type information in such a way that the types of variables, applica-type restrictions mentioned above. Then, the type at the top edge of atyped tree is a correct Curry type for the -term involved. The leaves of

the tree (containing term variables) are called , and the setof all assumptions for a term is called the basis. The combination of at the top edge and basis is called a for the term . The nota-tion ::s is called a statementand expresses the fact that s is a suitabletype for ; the combination of this type and -term is called the concluType assignment constraints are a translation of the Curry type restricterm is consistent if it satisfies the type assignment constraints debelow. There are only two type assignment constraints in Curry�s sys-tem (Figure 6.2), the application constraint (@), and abstraction con . In the literature these constraints are defined by giving typeassignment rules respectively arrow elimination () and arrow in-tion (I). Here, starting with typed subtrees a constraint stateshow these subtrees can be combined into other typed trees. Furthermore, the type assignment constraints play an important role in the type

The type assignment constraint (@) assumes a type st was foundIn both subtrees the assumption::j0 is made giving rise to a conflict in the root of the tree. No conclusion is possible since the typesdo not obey the application-con

The type assignment constraint ) is used to construct a type to a-abstraction term . It assumes that constructing the typed tree forM was successful and the type found for M was t. If the assumption is the only assumption for x needed to reach the conclusion M::t (so noother assumption like is used where is different from s) the step can be performed. The result will be that finding a type for the There is no separate constraint for term variables. The constraints and (@) only limit the possible combinations of typed (sub)trees (seeFigure 6.3). These constraints do not express how a type is found for acific -term: they only formalize what a consistent typed tree shouldType assignment is decidable in Curry�s system. There is an algorithmthat, given a , will say � if there is no possible typed tree forM and will yield a type for M if there is a possible typed tree for . InThe basic idea of the type deduction algorithm is the following. Itstarts at the variables in the leaves of the tree. It assumes that a variableis of the most general type and assigns a (i.e. new, not yet used)type variable to it. Then the tree is traversed upwards. For each visitednode the consistency of the subtree with that node as root is checkedagainst the type assignment constraints. If there is an inconsistency anattempt is made to make the tree consistent by deriving more accuratetypes. This is done by unification. If the unification succeeds the algo-Types consist of arrows and type variables. Types can be obtained fromother types by replacing, in a consistent way, type variables by types.An operation that uniformly replaces type variables by types (i.e. eachoccurrence of the same variable is replaced by the same type) is called a. Substitution is a operation on typed trees, i.e. if in atyped tree all types are replaced by a substitution with other types, thenthe resulting typed tree is consistent. A type that is produced by substi-Two types are equivalent if there exists both a substitution of typevariables to type variables such that the substitution applied to the firsttype gives the second type as well as a similar substitution from the second type to the first type. In the following, types are considered moduloA type that is an instance of two different types is called a unifierof these types. If two types have a unifier, they also have a general uni, i.e. all unifiers of the two types are instances of their mostgeneral unifier. Trying to find the most general unifier for two types iscalled unification. Two types are unifiable if a (most general) unifierIn Robinson (1965) an algorithm unify is given that takes two types which gives that j3 is the most general unifier ofj 3 and (j0j 0. Another unifier of these two types isj4. It is indeed an instance of the most general

In this algorithm sub j s returns the substitution that replaces the typevariable by the type s and does not affect other type variables. (the function composition of and ) is the substitution that first per-The result of the function unify is built by function composition ofthe substitutions found while unifying subtypes. The substitution foundwhile unifying the left-hand sides of two arrow types is first perThe general idea of the method to find the most general type for every-term in Curry�s system is as follows. Start by building a tree in whichall labels are empty. Then, traverse the tree to label the nodes containingables and the edges with types, making use of the type assignmentconstraints. Sometimes, while trying to assign a type to a node, a unifi-cation is performed. In that case the resulting substitution is peron the whole tree. Because substitution is a sound operation, such replacing of type variables by types in a correctly typed tree will always givea correctly typed tree. If unification fails, the whole term cannot beMore precisely, the following algorithm is used: traverse the treedepth-first from left to right performing at each position one of the fol-If a leaf is encountered, the variable and the edge going into this

If an abstraction node is visited, the subtree below it is a tree that isalready typed, say M. Now an abstraction step () to a variable, sayThe algorithm therefore checks the assumptions made on the corsponding x (all labelled) to see whether they are all typed with thesame type. If they are the same, everything is fine. If no astions have been made, because the variable did not occur in theterm, a fresh type variable will be assumed. If the assumptions on are not the same, the algorithm tries to unify the assumed types. Ifthis succeeds, the substitution generated by this unification will beperformed on the typed subtree, giving a typed subtree in which allIn either case the result will be a typed subtree with conclusion,say, M::t in which all assumptions on are labelled with the sametype, say ::. The edge going into the abstraction node lx.M is thenIf an application node is visited, there are two typed subtrees withconclusions, say M:: and ::t. Now an application step (@) is per-formed. To perform this step, the types on both subtrees shouldThe algorithm employs a fresh type variable j0 and unifies thetypes and . If this unification is successful, a substitution yielded such that s) = j0) = r, so Ss) = r1 and = 0. Applying this substition to the two typed subtrees yields aleft subtree with conclusion , and a right subtree with con-clusion ::r0. Now the (@)-constraint can be taken into account la-The type assignment algorithm returns the unused fresh variables, thetype found for the term, and the set of typed term variables that are freeExample 1: a.lb.a b)(. First, an untyped tree is constructed (Figure6.4(a)). Then the algorithm visits the left subtree, assuming a::j1 and b::An (@)-step should be performed, so a new type variable j is picked and thegorithm unifies j1 and j3. This yields that 1 will be replaced byj3. The edge going into the application node will be labelled by j3. Thetwo abstraction nodes give no difficulties (this results in Figure 6.4(b)). Then,the algorithm visits the right subtree. It assumes a type variable for the assumption Again the abstraction node gives no difficulties. This yieldsFigure 6.4(c). Lastly, the algorithm visits the top node. It is an applicationnode so the subtree should satisfy the @-constraint. The types involved arej 3 and j 4; a fresh type variable j 5 is taken andj3 and (jj5 are unified. This yields the substitu

Example 2: b.a. In the initial tree (Figure˚6.5(a)) it is assumed that a hastype 0. For the first abstraction node, there is no assumption made on yet.This means that any type can be taken for b, because the typed tree puts no

The function curry takes a list of fresh type variables and a l-term andproduces as its result a triple consisting of the unused fresh type vari-The function check_assmptn goes through the basis and unifies thetype it has already found (initially ) with the types for the term vari-able. It returns a basis that equals the original one from which all state ments for the term variable are removed, together with the substitutionCurry�s type assignment system satisfies the subject reduction prop-erty: if is a suitable type for M, and M can be reduced to , then isalso a suitable type for N. So a type found for a -term will also be atype for any of its reducts (such as the normal form). In a way, thisCurry�s system also has the principal type property (Hindley,1969): for every closed -term M that is typeable, a type sM can befound such that all other types that can be found for in Curry�s systemare instances of sM and can therefore be obtained by substitution. ThisFor open terms there exists a principal , consisting of theprincipal basis and the principal type. All other pairs for this open termcan be obtained from this principal pair by substitution. The algorithmpresented above returns the principal pair for each typeable -term: theThe principal type of x.x is j0j0. All other possible types are instances ofThe principal type of a term can be used as a scheme for the construc-tion of the actual type of M when it occurs as a subterm in a specificcontext: the actual type must be an instance of the principal type. Thisproperty forms the basis for polymorphic type systems, as described inPrincipal types are not preserved under reduction: if s is the prinpal type for M, and can be reduced to , s does not need to be thecipal type for ; it can be that has a principal type t that is differ-ent from s. Of course, s and t are in such cases related: because of sub-ject reduction, s is a correct type for the reduct , and because t is itsprincipal type, s is then an instance of t. The intuition behind this is thefollowing: an application generally contains more information than itsreduct. So the type of an application will in general be more specificThe principal type of z.x z (y z)) ( is (j0, thatof lz.z is j3. z.x z (y z)) ( reduces in three stepsto z.z, and (j0j0 is an instance of the type j3. Thefunction in the original application requires its second argument to be appli

Curry�s type assignment system is decidable but an important class ofThe typed subtree j0 uses twoent assumptions for x thatcannot be unified. This is easilychecked by computing the result

Curry�s type assignment system can only type a subclass of the stronglynormalizing terms. This subclass does not contain terms in which selfapplication occurs (Figure 6.6). Hence, recursion cannot be modelledThe language L presented in this section is an extension of the culus that enables us to focus on morphism and recursion by introducing names for closed -terms. Several solutions for finding a typeVariables are characters, names are strings starting with a capital. This

Programs written in can easily be translated into l-terms. For non-recursive programs the translation consists of replacing, starting withthe final term, all names by their bodies. In the case of a recursive defition, the translation to the -calculus has to use a fixed point combiType assignment in is an extension of Curry�s type assignment forthe -calculus. Basically, principal Curry types are assigned to named-terms. Furthermore, there is a special way to deal with recursion, asWhen trying to find a type for the final term in a program, eachinition is typed separately. Its right-hand side is treated as a closed term. So in principle the typed tree representing the principal type of theFor every definition, a pair, consisting of the principal type (foundfor the right-hand side) and the name of the defined function, is put in alist, the environment. The environment is represented as a functionfrom names to types. This representation of an environment is possibleassuming that all names are (made) different. The environment is usedto find types for terms that contain names: each occurrence of a nameName in the program can be regarded as an abviation of the right-hand side in its definition, and, therefore, the type associated with theoccurrence should be an instance of the principal type of Name in theenvironment. The different occurrences of Name can have differenttypes, the only relation between their types is that they are all instancesof the principal type of Name. The type used for an occurrence of Namedoes not affect the type of Name in the environment: the type of Name iscalled generic, and the function defined by Name is called a Every time Name is encountered in a right-hand side, the algolooks in the environment to see what its type is. It takes a fresh in-stance of this type, i.e. an instance which is produced by substituting alltype variables consistently with fresh type variables. This fresh instanceis used to find a type for the right-hand side. In this way, the types actually used for Name in the final typed tree will always be instances of theFor reasons of simplicity, it is assumed that names are defined be-fore they are used. A problem arises when Name does not occur in theenvironment. This can be the case when the program is recursive. Re-

The term I I in the program above is typeable by j1. In finding this typethe polymorphism of I is used. The first I in I I is typed by (j1whereas the second one is typed by j1. Both types are substitution inAlso for occurrences of recursively defined names in a right-hand sidethe types actually used for the occurrences of a name G have to be atleast instances of the type found for that name. However, a problemarises when dealing with the occurrences of in its own body, becausewhen finding the type for , no type is associated with G in the environment. So in the case of recursive definitions, this condition is diffi-cult to meet. In general, a fixed point construction is necessary to solvemutually recursive definitions one needs a special kind of fixedpoint construction that treats all mutually dependent definitions to-gether. For reasons of clarity that kind of recursive definition is considered here. In the rest of this chapter only directly recursive defi-A fixed point construction is a general method to find solutions ofcursive equations (see also Section 7.3). Starting from an initial ap-proximation of the solution the equations are solved and the solution istaken as a new approxmation. If in this approximating process a solu-tion is found that equals the previous approximation, the fixed point isTo find the type for G, a fixed point construction is needed: the first approxition assumes a type variable j for . When building the type for the bodyof , this type variable will be instantiated to, respectively, (jj2 andj5. The type found for the body of is j2. The originalassumption for , 0 is not an instance of the type found. Apparently this assumed type was too general. It should be replaced by a type that is at least aninstance of jj2. So in the fixed point construction a next approximation ismade to find the type for , using as a new assumption the type foundfor G in the first try. In this case, this second attempt will give exactly the

This fixed point construction finds a correct type if one existsnately, type assignment with the fixed point construction is undecidable due to the possibility of non-termination, as is shown in theThe fixed point construction for starts with assuming that is of type j0Then it performs the (l)-step and finds j0 for . Obviously, the typesuming j for . The type found is then j and another approxTwo different solutions for the problem of recursive definitions aresystems become decidable. In fact, they each perform only the first stepThe first solution is part of Milner�s type assignment algorithm definedfor the functional programming language ML (Milner, 1978) in which naming of terms is possible via special constructs: the let-construct forInstead of calculating the fixed point, Milner�s solution simply re-quires that all types used for a recursively defined name in its definiare one and the same. This seems to be a severe restriction, but withMilner�s solution surprisingly many programs can be adequately typed.In Miranda the Milner approach is used when no types are specified bythe programmer. In most cases (see Chapter 2) the recursive definitionswritten down by the programmer can be typed, so the restriction is not aIt is important to note that Milner�s solution is not sufficientlypowerful to find a type for in the example given above. (and j5 are the types actually used for in its definition.The intuition behind Milner�s solution becomes apparent in thetranslation of functional programs in to l-terms. In this translationthe fix-construct is translated using a fixed point combinator Y, which isassumed to be typeable by the type j0. Note that in the translation the -term lx.f (x x))(x.f (x x)) is not used, because it cannot betyped. The algorithm below will assume that occurrences of a recur-sively defined name in its own definition are represented as

The function find_type takes three operands, a list of fresh variables,the environment and the program. An infinite list of fresh variables isAs its result find_type produces the type for the final term. When encounters a definition, it checks whether it is a recursive definition (with the function occurs_in, which is left undefined here). If so, itassumes the name is typed by a type variable and it tries to find a typefor its body, by calling the function milner. The type variable assumedwill very probably be changed by the resulting substitution 2. The finaltype should be the same as the type used for the name and therefore thesulting type 1 is unified with 2 j, yielding s1. If this unification isThe algorithm takes three operands: the fresh variables list,the environment and the term to be typed, and returns the type resultsfound for the term and a substitution. The algorithm milner is almost thesame as the algorithm curry. It differs in the way it is capable of dealingwith recursive definitions. For recursive definitions, all occurrences ofthe defined name in the recursive definition (s) must have thesame type. If a non-recursive name is encountered in a term, the typethat is associated with that name in the environment can be inthe function fresh_instance (not defined here) returns a fresh instance ofIf an identifier occurs in its own body, the type in the environmentis taken itself instead of being instantiated. This type can be changed in the process of finding a type for the recursive definition: the substituthat is found can also affect the environment. Therefore this substituis passed as a result of the function , and the substitution that isreturned by the first recursive call when dealing with an application isalso performed on the environment when performing the second recursive call. So all types used for a name in its body will be the same. TheThe second solution is based on a type assignment system defined byA.˚Mycroft (Mycroft, 1984). This solution deals with the problem in away frequently used for many hard problems in computer science: thegrammer has to specify the solution; it insists on the type for a recursively defined name being given by the programmer. Instead of calculat-ing the fixed point, this solution simply requires that all types used for asively defined name in its definition are instances of the giventype. This always terminates, since in looking for a type for the body,the given type is instantiated and no new assumptions are made. Ofcourse, the given type also has to correspond with the type derived forthe body. It is even sufficient to require that the given type is an in-stance of the type derived. This makes it possible that the programmerAgain the types actually used for are (jj2 and (jThese are both instances of the type given, which is the same as the type

The algorithm mycroft differs from the algorithm milner in some points.mycroft does not distinguish between different kinds of occurrences ofnames. All names are dealt with in the same manner (so Defrecname isassumed never to be used). Furthermore, the algorithm assumes that inthe environment a type is returned for every name that appears in the encounters a name, it takes an instance of the typethat is already in the environment. Hence, this algorithm does not affecttypes in the environment, and the resulting substitution need not beperformed on the environment as in milner. Consequently, this subThe function equal_types (not defined here) checks whether twoThe functional programming language Miranda uses a combination ofMilner�s and Mycroft�s solutions. If the programmer has defined a typefor a recursive definition, the algorithm tries to find it using Mycroft�ssolution, otherwise it uses Milner�s. In Miranda therefore there is a ma jor difference between type checking, taking types supplied for defini-tions by the programmer and checking whether these types are correct,and type inferencing, analysing the definitions in a program and tryingIn order to be able to test whether in the environment a type is alreadydefined for a name, the definition of is assumed to be extended withUndefined. As a consequence, functions that are applied on objects ofBoth type assignment systems for cover important features of functional programming languages: polymorphism and recursion. They alsoHowever, some terms still cannot be typed in the proposed sys-tems. For example, self-applications like x.x x cannot be typed. More-over, the type systems cannot deal with definitions that have phism: i.e. different occurrences of a defined object have dif-While reducing the term F K I K E, I will be applied to two different terms and , whose principal types are not unifiable. One might think that, because is polymorphic and can be used several times with different, maybe even nonThe problem is the -term that is at the basis of the Milner untypeablefunction given in Chapter 2. In the tree for the principal type of c) (g i) (and therefore in all possible types for that term) the types for c and should be the same. This is best illustrated by giving the principal typed treefor the l-term i.f (g c) (g i) (Figure 6.9) and performing the (l)-step to Until this step two different assumptions for g, j1 and j3 areused. The ()-step to g unifies these types, giving a substitution that replaces. Therefore it is concluded that the types used for are to be the same (see Figure 6.10). This conclusion is too restrictive. Sincethe types for c and are the same, when trying to find a type for the final term

Furthermore, it can happen that applications of functions in which atrun-time some arguments are not used, are typed too restrictively sinceAlthough S K S reduces to , neither the Milner nor the Mycroft algorithmThere is one final remark to make on the type assignment systemsthat use Milner�s and Mycroft�s approaches. In both systems all occur-rences for a function symbol are assigned types that are substitution in-stances of the type provided by the environment for this symbol. Onecould easily think that since all substitutions are allowed on types, onecould replace the type in the environment by any arbitrary substitutioninstance. For the system that uses Milner�s approach, in which of coursealso types could be provided for definitions, this holds: substitution is aHowever, as shown above, in the Mycroft approach recursive def-known that there are terms, typeable in both systems for which My-croft�s approach allows a more general type than Milner�s. Take for ex-The types for the definitions (note in particular the type for ) are cor-rect in both Milner�s and Mycroft�s systems. In Mycroft�s system, how-ever, it is possible to take a more general type for ; also the following

This same program can be used to illustrate that in Mycroft�s sys-tem substitution is no longer a sound operation on definitions. Althoughthe type assignment algorithm is allowed to take any substitution in-stance of the type , not every substitution instance of this typecan be put in the environment. For example, using the type the definition for cannot be typed. The underlying problem here is inThis program is typeable with the types j1 for , and j3j3 forI, but not when the type for I is replaced by j4. The onlything that can be said about this �problem� is that in Mycroft�s system itInstead of the very common idea that supplying a type for a defini-tion is equivalent to asking if the definition has this type, it is in fact ing the algorithm the instruction that all occurrences should have typesthat are instances of the supplied type. So systems that allow programmers to specify types should not be called type-check systems. The no-It is, from the type assignment point of view, no real problem to extend to a real functional programming language. This can beif and t are types, then and [s] are types, where [ denotesThe unification algorithm for such types will be almost the same asunify, extended with conditions to solve the problems with the added is used, the operand can be given a structure, making programs writtenin the functional programming language look like term rewriting sys-tems. Then the type assignment algorithm would also have to cope withpattern matching by finding the types for the given operands. In thissection it will be shown that, if arbitrary patterns are allowed, the sub-Another extension is the introduction of constructors and alge-braic type definitions. Constructors are symbols that, when applied tothe right arguments, construct an object of a certain type. They are de-fined by giving an algebraic type definition. It is also customary to in-The first definition is one for the algebraic type List; this definition de-fines two constructors, Nil and . The second defines the numeralsWhen assigning types to definitions that use (objects of) these al-gebraic types, before analysing the definitions the environment mustIn functional programming languages rule alternatives are also in-troduced, forcing the algorithm to unify the resulting types of alterna-To get programming convenience, the type assignment algorithmalso has to deal with definitions used before they are defined (and mu-In this section we focus on type in TRSs (see Chapter 4),since in TRSs pattern matching is closer to functional pro

-calculus. Such a type system can easily be trans-ferred to FGRSs (see Chapter 8). Since the proposed type system doesnot make use of graph information it is best studied in TRSs. The strat-egy used to assign types to the tree representation of terms will be similar to the previous defined type systems for the language . There are,however, some differences, due to the differences between a -term andAs for , an environment is used to store the types for the con-stants. However, unlike in , there can be more than one rule thatdefines a constant. In finding a type assignment for the secondrule, all constants will already have a type. For convenience, thechoice has been made to require that the environment iniAs with Mycroft�s solution it is required that the type assigned to adefining occurrence of a symbol (see Section 4.1.3) equals its typeprovided by the environment, while to other occurrences an in-In TRSs symbols have fixed arity. Standard Curry types seem to bemore appropriate for a variable arity context. So Curry types areextended with a Cartesian product (denoted as x) which is used forthe types of the arguments of a function. This means that the definitions of , unify, sub and of Section 6.1.2 have to be ex-For type assignment on rewrite rules the left- and right-hand sidesare treated as terms. A rewrite rule Rhs is correctly typed if and Rhs are typed with the same type, and all the types as-signed to one term variable (that appears in the left- and right-handFor type assignment on TRS-terms there is only one constraint, thestant constraint (). If is a constant symbol, and F A1 ... A isa TRS-term, then there is a substitution S, and types s1, ..., s and, such that applied to the type for provided by the environmentis (s1 x ... x s. In the tree representation, typing is performed

Example: stack handling. This example deals with stacks of natural numbersand contains, next to the standard stack functions and Pop, the functionAlternate that combines two stacks. The types that are assigned are similar tothe types that are assigned in the approach using sorts, as in Dershowitz andnaud (1990). The main difference between the two typing approaches isthat the approach presented here also allows higher order and polymorwhere Empty is the empty stack, and the denote representations of the natral numbers 0, Succ (0)Succ (Succ (0)), etc. according to the following algePush and Empty are stack constructors, and Zero and Succ are number conWith these rules it can be shown, for example, that the term Alter(Top (Push Zero Empty)) Empty) (Pop (Push (Succ Zero) Empty)) rewrites to:In term rewriting systems function symbols are also allowed onother positions in left-hand sides of rules than just the left-most one(note that this is not allowed in Miranda, see also Section 8.2.3). So it is

In term rewriting systems currying is modelled via an extra symbol forexplicit curried application: Ap. Furthermore, for each symbol F a curried variant 0 is used as an argument of such explicit applications.Finally, for each curried symbol a rewrite rule is added that transformsthe curried application into an uncurried one. With respect to typingFor the symbol A p in the environment the higher order type x j2 has to be added. When typing occurrences of thisFor each pair of related symbols F and 0 the types in the environment have to be equivalent with respect to currying, as explainedThe added rules for transforming curried applications into uncur-ried applications need to be typed as defining rules for the curriedConsequently, the following rules for combinator application are typeable, forIn general, when assigning types to TRSs as defined above, the

Then, the term M (Ap (Ap S is typeable with the type (rewrite rule matches this term, so it can be rewritten to Ap (Ap S0 I I0. Thislast term, however, is not typeable with the type (j4j5. In fact, it isIt is possible to filter out the rewrite rules that do not satisfy the reduction property. Rules are called safe if they satisfy the followingcondition which is needed and sufficient for the required property (seeIf (basis, s) is the principal pair for the left-hand side term, then itis possible to type the right-hand side with such that all termables are typed with the same type as in basis, so if (basis, s) isthe principal pair for the left-hand side term, then () is a pairThe Miranda type system satisfies this safety criterion due to the factthat in Miranda in left-hand sides functions can appear as left mostsymbols only, in combination with the way algebraic type definitions

The goal of the type check algorithm presented below is to determinewhether a safe type assignment can be constructed such that all the con-ditions on type assignment of term rewrite systems are satisfied. Themain function of the algorithm, type_rules, has a set of rules, as well asan environment, as parameters. It returns a boolean that indicateswhether the construction of the type assignment to all rules was suc-cessful and safe. The algorithm returns the principal pair forThe last alternative for trsterm (defining the constructor DefSymb) is usedto indicate that the corresponding (sub)term starts with the defined sym-bol. So using DefSymb only makes sense when specifying the left-handside of a rewrite rule. Of course, it would have been very possible to de-termine the defined symbol of a certain left-hand side of a rewrite rulewithout such a construct. This, however, would have made the algo-The type of a constant is either an instance of the type for that con-stant given by the environment (in the case of a Const) or that type itself(in the case of a DefSymb). The distinction between the two is deter-The defining node of a rewrite rule can only be typed with onetype. So any substitution resulting from a unification is forbidden tochange this type. This is solved by using as the unification algorithm notunify but , an extension of Robinson�s unification algorithmwhich is not defined here; it is capable of deciding whether or not a typeable is special (so it appears in some environment type) and it re-fuses to substitute this variable by other types. This extension can betion for such variables. The function unify_types must be used throughoutinstead of unify also where unify is applied in auxiliary functions such as

The algorithm type_rule returns TRUE only for rewrite systems that aresafely typeable. For every term variable occurring in a rewrite rule, allthe types assigned to this variable in the bases for both the left- and theright-hand sides should be the same. This is provided in type_rule by uni-fying all those types after a rule has been type checked. These unifica-tions are performed by the function unify_basis. The function type_rulealso takes care of checking the safety constraint, by checking, usingequal_bases, if the unification of left- and right-hand sides of a rewriterule has changed the left-hand side basis. This last function is not speci-

The function type_func_app looks for the type of a function applica-tion. It calls type_args, which is an auxiliary function that derives thetypes for all arguments of a node and constructs an arrow type out ofthese types. type_args assumes that the definition of is extended witha binary constructor CartProd denoting a Cartesian product. Of course,such an extension also requires an adjustment of several other functionType assignment systems are used to perform a compile-timecheck on the type consistency of a program. Most type assignmentalgorithms for functional programming languages are based uponType assignment in the Curry system takes place just by looking atthe syntactic structure of a -term: there is one type assignmentconstraint for a (the arrow elimination) and one for a (the arrow introduction). All instances of the sameType assignment in the Curry system is and the principalSelf-application cannot be typed with the consequence that theBy -terms recursive definitions can be introduced. Func-With a fixed point construction it is possible to find a type for any(recursive) function definition, if one exists. But whether there ex-Milner�s solution is a decidable algorithm that finds a type formany recursive definitions. It requires that all types used for a re-cursive definition can be unified. All instances of the same variableMycroft�s solution checks on consistency of types and is alsodecidable. It can approve more types than can be derived with theNeither Milner�s nor Mycroft�s solution can type Type assignment in term rewriting systems is a natural extensionof type assignment in the -calculus. But not all properties of typesignment for the -calculus are inherited by term rewriting sys-