113Chapter 4Term rewriting systems

4.1TRSs4.2Rewriting with a TRS4.3Reduction sequences andnormal forms4.4Properties of TRSs4.5Reduction strategies4.6Orthogonal TRSs4.7Priority rewrite systems4.8TRSs as a basis for functionallanguages4.9TRSs as a basis forimplementations

Term rewriting systems (TRSs) form an important computationalparadigm for which applications are found in several fields, includingformal software specification, analysis of algebraic specifications, de-sign and implementation of functional languages, computing by meansof equations and mechanizing deduction systems. Surveys of theory ofTRSs are given in Huet and Oppen (1980) and Klop (1992).A TRS consists of a collection of rewrite rules. Rewrite rules havemany similarities with function definitions in a functional language but itis only possible to define rules on one global level. The rules in a TRSare used to rewrite a given term in the same way as function definitionsin a functional language are used to evaluate a given initial expression.In TRSs tests on syntactic equality (using pattern matching) form a keyconcept in the semantics of reduction. The left-hand side of a rewriterule consists of a pattern that determines whether or not the rule can beapplied to rewrite a (sub)term.One can regard TRSs as the extension of combinatory logic withpattern matching. TRSs are also related to the l-calculus. The descrip-tive power of TRSs is greater than of these systems, e.g. non-determin-ism can be expressed in a TRS but not in l-calculus nor in combinatorylogic. TRSs are a subset of Graph rewriting systems (GRSs) which willbe explained in the next chapter. A good understanding of TRSs is aprerequisite for a good understanding of GRSs.An important difference between TRSs and functional languagesis that in the basic semantics of TRSs there is no ordering in the rewriterules (all rules have equal priority) and furthermore no strategy is pre-

114TERM REWRITING SYSTEMSdefined that prescribes in which order redexes in the term are rewritten.So in a certain sense one can say that TRSs are �more declarative�than functional languages. They just contain a collection of rules thatcan be applied to a given term. No reduction order is specified explicitlythat determines how a given term has to be evaluated.The bad news is that in contrast with the l-calculus, there doesnot exist a decidable normalizing strategy for a general TRS (see Sec-tion 4.5). Since the basic semantics of TRSs is quite simple (Sections4.1, 4.2 and 4.3), the emphasis of this chapter lies in a quest for an effi-ciently implementable, intuitively clear, reduction strategy that is nor-malizing for a large class of TRSs. One of the problems encountered inthis quest is caused by the possibility of defining ambiguous rules(partly due to the fact that all rewrite rules have equal priority in the ba-sic semantics). On one hand this has the advantage that TRSs allowthe expression of non-deterministic computations. But on the otherhand this has the disadvantage that (of course) the uniqueness of nor-mal forms is no longer guaranteed (Section 4.4). With certain restric-tions imposed on TRSs (orthogonal TRSs, see Sections 4.4 and 4.6),uniqueness of normal forms can be guaranteed. Also, there exists anormalizing strategy (parallel outermost) for such orthogonal systems.Unfortunately, this normalizing strategy is certainly not efficiently im-plementable. Efficiently implementable normalizing strategies are pos-sible, but they will only work for certain subclasses of orthogonal TRSs.Furthermore, it is not always intuitively clear how these strategies pro-ceed nor for which subclass they can or cannot be applied (see Section4.6).It appeals to the intuition to take priority of rules into account. Thebasic problems encountered in a TRS with standard semantics alsoappear in TRSs extended with a functional language-like priority in theirrules (Section 4.7). Forcing evaluation of arguments to tell whether ornot they match a corresponding pattern in a rule definition now seemsto be the only sensible thing to do. The disadvantage of forcing evalua-tion is that infinite computations can occur, even if a normal form existsaccording to the priority semantics. As a special case of this generalapproach of forcing evaluation the functional strategy is presented.When reduced with the functional strategy priority rewrite systems(PRSs) capture priority of rules similar to a functional language.A functional language is easily translated to various subclasses ofTRSs (Section 4.8). Implementations of functional languages are usu-ally more close to term rewriting systems than to the l-calculus. An im-plementation based on TRSs causes fewer problems than an imple-mentation based on the l-calculus. Efficient implementations of func-tional language-like PRSs can be obtained (Section 4.9). If graphs areused instead of terms even state-of-the-art efficiency is possible (seePart 4).

TRSs 1154.1TRSsTerm rewriting systems consist of a collection of rewrite rules. Theserewrite rules specify how a given term can be translated (reduced,rewritten) to another term.4.1.1TermsA collection of terms over a set of constant symbols and a set of vari-ables is defined by the following syntactic definition (the curly bracesspecify zero or more occurrences of the enclosed objects):Term=Variable|Constant|’(’ Constant {Term} ’)’ ;Variables always begin with a lower case character; constant symbolswith an upper case character or some special character (a digit, an aster-isk etc.). The outermost brackets of a term are usually omitted. The(zero or more) terms following a constant are called the arguments ofthe constant. The fixed arity of an occurrence of a particular constant isequal to its number of arguments. A term that does not contain any vari-ables is called a closed term, otherwise it is an open term.Examples of terms:x1000Fac xFac 1000Reverse (Cons 2 Nil)Select 3 (Array 1 2 3 4 5 6)Sqrt (— (* b b) (* 4 (* a c)))Ap (Ap x z) (Ap y z)

A non-example:x z (y z)A term t’ is a subterm of a term t iff (i.e. if and only if) t’ is containedin t and t’ is a term in the syntactic construction of t. A subterm t’ of tis a proper subterm if t’ and t are not the same. Subterms do differfrom subexpressions in Miranda and in the l-calculus. This is due to theabsence of implicit application. Implicit application would allow anytwo expressions to be put together by juxtaposition to form a new ex-pression. With explicit application one has to specify a function that de-fines application (see Section 4.1.4).Subterms of the term Ap (Ap x K) K are (see Figure 4.1):Ap (Ap x K) KAp x KxK(occurs twice)

116TERM REWRITING SYSTEMSThe following are not subterms of the term Ap (Ap x K) K:ApAp (Ap x K)Ap xx K(Ap x K) K aFigure 4.2Tree representation of the term Fac 1000, Reverse (Cons 2Nil), Select 3 (Array 1 2 3 4 5 6), Sqrt (— (* b b) (* 4 (* a c)))This tree representation makes the structure of a term clearer in mostcases. A constant symbol is represented by a node labelled with thatconstant. A directed arc is drawn to each argument of a constant. Hence,the arity of a constant determines the number of outgoing arcs from thecorresponding node. A subtree of a tree consists of a node with all nodes that are reachable (following the arcs) from that node. Any sub-A term rewriting system TRS) is a collection of rewrite rules over sets of constants and variables, where , are terms, such that allvariables in also occur in and none of the is a term consisting ofThe constants used in a TRS are divided in two classes. All constantsymbols in a TRS that appear as the leftmost constant on the left-handside of a rule are called (recursive) function. The corresponding ruleis then called a rule for the function and the corresponding occurrenceof the symbol is called a defining occurrence of the symbol. All otherconstants are called structors. The term on the left-hand side isThe notation for TRSs used in this textbook is a variant of the . We use an alternative bracketing, resulting in a LISP-like nota-tion. In the literature this notation is very unusual. Either an applicative (like in Miranda, with implicit application functions) or a func-tional style is used. In a functional style application is written down as a function (say the function Ap which, of course, stands fortion). However, traditionally, in a functional style the argumentsof functions and constructors are placed between brackets and separatedExample of the notation used in this book (the combinatory logic example; seeThe SK example in the traditional functional notation (compare this with our

Figure 4.3Tree representation of SK rules in (alternative) functionalWhen the rewrite rules of a TRSare represented graphically (see Figure4.3) using the tree notation for terms, it is immediately clear that the dif-In a TRS using an applicative style function applications are . The applicative style is commonly used when application is theonly actual function that is being used and all other symbols have arityzero (Figure 4.4). When application is the only function, it can be leftIn this textbook we generally want to consider also other functionsthan apply (Ap) but we do not like to write down too many brackets.fore we have chosen a functional style with a LISP-like bracket-

Figure 4.4Tree representation of a TRS with implicit application funcA TRS can be used to rewrite a given closed term t, which consists ofconstants only. This closed term can be compared with the initial ex-A (sub)term is a redex iff there is a left-hand side of a rule (a pattern)that matches this term. A left-hand side matches a (sub)term if this termMore formally: a redex of a closed term t is a subterm that iscally equal to an instance of a left-hand side of a rule of theTRS. An instance of a term is a term s(a where is a substitutionof closed terms for all variables in . One also says: matches . ByThis term matches the pattern Ap (Ap K x) y. The corresponding substitution is

The term Eq (+ 0 1) 1 does not match Eq x x. There is simply no substitutionfor x that achieves this. The term Eq (+ 0 1) (+ 0 1) does match Eq x x withConsequently, whether or not a subterm is a redex now depends on the of the rewrite rules in the TRS itself: a subterm is a redex iffthere exists a rule in the TRS with a pattern that matches the subterm.This is in contrast with the -calculus where a redex is created when-A rewrite (or reduction) of a term t is the replacement of a redex of say t, by the right-hand side of the rule using the substitution functionof the corresponding match: s. The redex , which is equal to , isreplaced by : the right-hand side in which the substitution functionis applied on the variables (by every variable is bound to a subterm ofHd (Hd (Cons (Cons 0 Nil) Nil)) can be rewritten as follows using the

This rewriting of terms is the TRS equivalent of -reduction in the lcalculus. The main difference is that a -expression like is al-ways a redex and that it binds exactly one variable. For TRSs it deon the set of rules in a concrete TRS whether a (sub)term is a redex ornot. Furthermore, in TRSs functions can be specified with more thanone argument. These rules can only be applied if all the arguments arepresent and match the pattern. Therefore, no currying is needed to simu-

The term G 2 3 G 2, but the term G 2 will not be reduced: it is not a redexName conflicts, as they occurred in the l-calculus, cannot arise inTRSs. The initial term is a closed term and free variables cannot be in-troduced in the rewrite rules. So the term that is rewritten will neverAs in the -calculus there can exist externally defined functions andconstants. Such an externally defined function is called a or a . If a -function is applied to the number of arguments it needs,the corresponding subexpression is called a -redex. If the externalfunction is applied it is called a -reduction step. Although it is possi-ble to define rewrite rules with the same behaviour directly in TRSs, itis sometimes more convenient for readity and illustration purposesExample of a -reduction step, assuming that is an externally defined

An external function like + requires that its arguments are indeed con-stants of a specific type, in this case the arguments should be constantnumbers. If this is not the case, the corresponding subexpression is not a-redex until this restriction is satisfied. This implies that one first has toOne reduction is often called a reduction step (or rewrite step). A duction sequencerewrite sequence) of a term is a sequence of zeroor more reduction steps (or rewrites) performed on that term. If term tcan be reduced by a sequence of reductions to expression t2, t2is calleda reduct of 1. This is denoted as t1* t2. So is the reflexive tranGiven a TRS, a term is in normal form if no rule in the TRSmatches the term or one of its subterms. Note that whether or not a termis in normal form depends on the concrete TRS. Given a TRS, a term has a normal form if there exists some sequence of reduction steps thatA term is in head normal form if the term as a whole is not a re-dex and the term as a whole will never become a redex. Such a termneed not be in normal form since it may contain subterms that are re-dexes. Whether or not a term as a whole will ever become a redex is ingeneral undecidable, so it is also undecidable whether a term is in headnormal form. In many cases, however, the head normal form property isdecidable, e.g. when the term begins with a constructor it is trivially inCons (H Nil 1) 1is clearly in head normal form because the head of the termH (H Nil 1) 0is in head normal form although the head is a function andthe second argument matches. However, the first argumentSince the head normal form property is in general undecidable, the fol-ing notion is used to define a decidable approximation. A rule par-tially matches a term if its pattern partially matches the term. A partially matches a term t if firstly the first constant of equals the first constant of t and secondly for each argument of thefirst constant of t corresponding to a non-variable argument of thefirst constant of , also partially matches or there exists a rulewith a pattern partially matching . Intuitively, a rule partially matchesa term if by just looking at the left-hand sides the rule might after somereductions match the term. In Klop (1992), a term for which there existsH Nil 0there is no rule with a pattern partially matching thisH (H (H Nil 1) 0) 0partial match for the first rule of H; H (H Nil 1) 0 itself

A term is in strong head normal form if none of the rules parmatches this term. It is decidable whether or not a term is in strong headnormal form. A term in strong head normal form does not parmatch any rule so it is also in head normal form. A term in head normalIt is important to note that because of the rewrite semantics ofTRSs there is a difference between TRSs and functional languages withDifference between functional languages and rewriting system for a partialSuppose the term to be reduced is F 3: in a functional language this would result in an error because it does not match any of the rules; in a rewriting system it is just not rewritten because it does not match, and the normal form isA function that is applied with a number of arguments that does notcorrespond to the number of arguments specified on a left-hand side,will never be a redex. This is why one can consider occurrences of con-stants with different numbers of arguments as different constants. ThisIn this section some properties of TRSs are considered that are indedent of the specific term one wants to rewrite and independent of theThe patterns specified in a TRSdetermine whether or not a (sub)term isa redex. However, it is possible that a term matches several left-handsides of the rewrite rules of the TRS In that case there are several alter-native rewrite rules by which the term can be rewritten. A TRS is rules, i.e. their left-hand sides are totally overpartially ambiguous rules, i.e. their left-hand sides are par

Two left-hand sides of two different rules are totally overlapping if aterm exists that is an instance of both left-hand sides. Two left-handsides 1 and 2 of two (not necessarily different) rules are if a term exists that is an instance of 1 and that is also aninstance of a non-variable, proper subterm of 2. Two such (partially)the right-hand sides the existence of a critical pair can invalidateGiven this TRS, the term Choose 1 2 can be reduced to either 1 or to 2: thereThe following very familiar looking set of definitions forms a TRSthat is nondeterministic. The term Fac 0 matches both left-hand sides. Unlike functiondefinitions in Miranda, in ordinary TRSs all rules have equal priority. ChoosGiven this TRS, the term K 0 1 is a redex and an instance of the subterm K n 1This TRSis ambiguous with itself. The term F (F 1) is a redex and an instanceof the subterm F x in F (F x). Given this TRS the following term can be re

A TRS is comparing iff one or more left-hand sides of the rules of theTRS is comparing, i.e. it contains a multiple occurrence of the sameA comparing rule is also called non-left-linear because of the correspondence with multiple occurrences of variables in multiplicativeRestricting a TRS to be non-comparing is natural. A rewrite ruleusing a left-hand side that contains a multiple occurrence of the samevariable induces a test on syntactic equality of the corresponding argu-ments of the term. However, it is possible that the arguments are mantically equal but syntactically not. In general, it is undecidablewhether two terms are semantically equal. Comparing is therefore onlysound if the two terms are in normal form, i.e. they do not contain anyredexes (this is similar to Church�s , see Section 3.7.6). In that caseterms that are semantically the same are also syntactically equal, beIn the term below the arguments are not always syntactically equal. If they are

A TRSconfluent (or has the Church—Rosser property) iff for everytwo (divergent) reduction sequences t t1 and t t2 there is a such that there are two (convergent) reduction sequences t and t3 (see also Section 3.4). The Church—Rosser property implies theunique normal form property. As in the -calculus, this does not implythat every term has a normal form. It states only that if there is a normalThis TRSis confluent. H 0 has as normal form 1, However, the term F 1 does

The examples in the previous section show that ambiguity can in-terfere with confluency. However, ambiguity does not necessarily leadto non-confluency in all cases. Furthermore, comparing can also be aThe following marvellous example is due to J.W. Klop. It shows thatcomparing is also a source of non-confluency. This is caused by the fact

The term D E (C E) cannot be reduced to any more. Note that just before the-reductions are done the terms can still be reduced to a common reduct.

Hence, in an orthogonal TRSa unique normal form is guaranteed. As inthe l-calculus it depends on the chosen reduction order whether or notthe reduction process will find the normal form (if it exists). In SectionA reduction strategy is a function that, given a TRS and a term, prescribes which redexes in the term have to be rewritten next. It also pre-scribes for each redex, if there is more than one matching rule, whichone of these rules has to be applied. It is possible that the strategy function prescribes more than one redex to be reduced next in arbitrary or-der. Such a strategy is called a parallel reduction strategy. It is alsopossible that the strategy function returns more than one redex or rule tochoose from. In that case the strategy function is called istic. Note that for the -calculus we only considered non-parallel anddeterministic strategies. In TRSs parallel and non-deterministic strate-Without knowing the reduction strategy it is in general impossibleto reason about the actual evaluation of terms in a TRS: a TRS with aterm specifies many possible computations. When the reduction strat-egy is known, a term with a TRS fully specifies the computation andA reducer is a process that consecutively reduces the redexes thatare indicated by some strategy. The result of a reducer is reached assoon as the reduction strategy does not indicate any more redexes. A re-duction strategy is normalizingiff for any term, having a normal form,the reducer applying the strategy will terminate at a normal form.arallel reducers are assumed to reduce the redexes indicated by aparallel reduction strategy in parallel, i.e. in arbitrary order. terministic reducers should choose non-deterministically one of theIf the intention of non-deterministic rules is indeed to make a nondeterministic choice between the overlapping rules, a non-deterministicreduction strategy must be used. Such a strategy will yield both rules ascandidate to rewrite a matching redex. A non-deterministic reducer will

The reduct depends on the chosen rewrite rule (the first or the second rule for

Of course it is possible to define an algorithm that finds the normal formfor all TRSs: just produce breadth-first the reduction tree of a term withall possible reductions. If a normal form exists it will certainly be foundand then the algorithm can stop. This is not a very efficient algorithm.The algorithm is not a strategy since the algorithm does not just indicatewhich redexes are to be reduced next possibly in parallel, but indicateswhich possible reducts have to be investigated and remembered. In theA redex in a term is iff for all possible reduction seof this term ending at a normal form this redex (or if it is copied by arule, one of these copies) must have been reduced. In confluent TRSs areduction strategy is trivially normalizing if it chooses needed redexesConsider the term If (= 0 0) (+ 1 1) (+ 2 2) (assume that the TRShas rules for and =). Then it contains three redexes, namely (= 0 0), (+ 1 1) and (+ 2 2)Enumerating all possible reduction sequences shows that (= 0 0) and (+ 1 1)Whether or not a redex is needed is in general undecidable. It is evenundecidable for orthogonal TRSs. So always choosing the needed re-dexes is not a practical strategy for orthogonal TRSs or indeed for con-ent TRSs in general. However, for (subclasses of) orthogonal TRSs itis possible to define decidable strategies that are normalizing for thatclass. Sometimes it is even possible to define for a certain subclass aOrthogonal TRSs are confluent (see Section 4.4.3). In this section vari-ous rule-based and non-rule-based reduction strategies are investiThere is a normalizing strategy for orthogonal TRSs (parallel outer-most), but this strategy is not efficient: generally too many redexes are indicated. There are other more efficient strategies, but they are onlyIn a non-rule-basedstrategy the decision of which redex to reduce de-

Figure 4.5Leftmost, rightmost, outermost and innermost redexes in theDefinitions of leftmost, rightmost, , outermost redexes andstrategies are similar to the definitions for the l-calculus (see Chapter3). For TRSs paral versions of innermost and outermost strategies areUsing an innermost strategy the reduction process starting with the term K Wwill not terminate. On the other hand, using the leftmost-outermost strategy

Innermost strategies are normalizing for those confluent TRSs for whichinfinite reduction sequences do not exist, called strongly normalizing. Innermost strategies correspond with eager evaluation in func-tional languages. So innermost strategies rule out concepts similar toThe leftmost-outermost strategy chooses the leftmost of the outermostredexes. In the lus the leftmost-outermost reduction strategy isAn orthogonal TRS for which a leftmost-outermost reducer is not normaliz

Note the difference between this strategy (non-rule-based) and the wayredexes are chosen in Miranda (rule-based). In the example the redex is reduced because it happens to be the leftmost-outermost redex in theterm to be reduced. But from the pattern of the rewrite rule for it canAn orthogonal TRS is called left-normal if in no left-hand side a vari-In left-normal systems the leftmost-outermost redex is always needed

The restriction that in a pattern no variable occurs before a conis a serious restriction. It implies that many patterns are not alStill, the expressive power of such systems is very high. For inA subclass of left-normal systems is the class of combinatorial system(see also Section 3.6.1). Rules in combinatorial systems all have the fol-Such a rule defines the combinator . These combinators are equivalentThe only function that is present in these combinatorial TRSs is thedyadic function Ap(ply). The combinators are construc-tors: they determine which of the alternative rules for the apply funcEvery combinatorial system is left-normal. Therefore, leftmost-outer-

Leftmost-outermost is not normalizing for arbitrary orthogonal TRSs. Itis even impossible to define a decidable normalizing strategy that indi-cates separately for each rule which argument has to be reduced first.The example given by G. Berry shows that TRSs can be constructed for which TRS is orthogonal, so it guarantees a unique normal form. Supposethe term B R1 R2 R3 has to be reduced, given that the reduction process performed on one of the arguments may not terminate. The strategy still has tochoose one of the arguments, but unfortunately it does not know beforehandwhich one will not terminate. So enforcing argument evaluation at one of thearguments for which a pattern is specified may start a non-terminating compution. The only safe way to reach the normal form is to reduce each argumentof a finite number of steps to see if the term as a whole has become a redex.The parallel-outermost strategy satisfies this idea of reducing each argumentThe parallel-outermost reduction strategy indicates all outermost re-dexes. It is assumed that all these redexes are reduced in parallel (i.e. inarbitrary order) in one reduction step of the reducer. The parallel-outer

Theorem (O�Donnell, 1985): Parallel outermost is normalizing for

By reducing all outermost redexes by one step a breadth-first reducorder is chosen. Clearly, at least one of the outermost redexes is neededfor the reduction to normal form, but it is unknown which ones areneeded and which are not. So it is apparent that the parallel-outermoststrategy is not always the most efficient one. It indicates all outermostParallel-outermost finds the normal form of the following orthogonal TRS thatincludes Berry�s example. However, too many redexes are reduced: the

In a rule-based strategy the decision which redex to choose depends onthe kind of rules in the TRS. Since analysis of the rules that takes theright-hand side into account is bound to be undecidable, only left-handside analysis is treated. Even by looking only at the left-hand side it is ingeneral undecidable for orthogonal TRSs to indicate needed redexes, asis illustrated by Berry�s example. So, in this section, for orthogonalTRSs restrictions are imposed on the left-hand side that allow a decisiontree to be defined that is used by the reduction strategy to point out theNext we will present a strategy that uses the patterns of the rewrite rulesto produce a decision tree. In contrast with the term-based strategies thedecision tree does not always indicate a redex if there is one in the termto be reduced. So the strategy will be normalizing only for certainThe discriminating position strategy: consider the set of all parif this set of rules is empty no redex is indicated: the term is inif the term is a redex for one of the rules in the set, then this redex

- if there is a proper subterm of the given term for which in everyrule in the set in the corresponding position in the pattern a nonmatching subpattern appears then this subterm is in a - if there are subterms on discriminating positions, first the strategyis recursively applied on the leftmost-outermost of such subterms,and afterwards the strategy is recursively applied again on theIf a normal form is required the strategy must recursively be applied toG A B both the first and the second arguments are in a discriminating position. will be indicated since it is the leftmost-outermost redex. For G (Pair AIn Berry�s example given above there is a variable on each argument positionso no redex on these positions is indicated by the strategy. Clearly, for thisThe example above shows that when discriminating positions do not ex-ist the strategy is not normalizing. The examples below show that thediscriminating position strategy is not always normalizing even if dis-criminating positions do exist. The reason for this is that the strategywhen it is recursively applied on a discriminating position does not ex-amine the term as a whole but only tries to match subterms locally

An orthogonal TRSfor which the discriminating position strategy is normalizThe discriminating position strategy will first choose the first argument term F a1 a2 for evaluation. The second argument of F is only chosen if theAnother orthogonal TRS for which the discriminating position strategy isIn the term F a1 a2 the subterms a1 and a2 are in a discriminating position.An orthogonal TRS for which the discriminating position strategy is not norIn the term F (G a1 a2) a3 the subterm (G a1 a2 is in a discriminating posi-tion. The strategy is recursively applied on G a1 a2. Now it finds that both aa2 are in discriminating positions in the rule for G. They are chosen next. Amore clever strategy would reduce a3 in F (G a1 a2) a3 next. Compare thisFor left-normal systems the discriminating position strategy coincideswith the leftmost-outermost strategy. Therefore the discriminating posi-tion strategy is trivially normalizing for left-normal systems. The classof orthogonal TRSs for which the discriminating position strategy isnormalizing is called locally discriminating TRSs since each recursivecall of the strategy considers only locally the given subterm. For thisclass of TRSs the strategy always indicates a needed redex. The class ischaracterized by a decidable syntactical test that guarantees that a dis-

Huet and L�vy (1979) have defined a class of orthogonal TRSs and aresponding strategy (the Huet—L�vy strategy) in which they alwaystake as much of the term as a whole into account as necessary. In theirstrongly sequentialglobally discriminating s needed redexesare identified by looking at the left-hand sides of the rules. Strongly se-quential systems are a decidable subclass of tial systems. In se-quential systems the right-hand sides are also taken into account toidentify a needed redex. Berry�s TRS is clearly not strongly sequential.Below we give examples of TRSs that are globally discriminating butnot locally discriminating. Furthermore another example of an orthogo-For this TRS it turns out to be possible to identify in every term a needed reFor this TRS it turns out to be possible to identify in every term a needed redex if it exists. For instance, in F (F x x) (F x x) both and are needed.The TRS is not locally discriminating because x1 would have been indicatedIn the term F (G x1 x2) (F (G x3 x4) x one cannot identify a needed redex(supposing the xs are complicated expressions with undecidable reducts). Ifthe second rule for is applicable x2 has to be reduced and if the first rule for is applicable 1 has to be reduced. Which rule for F is applicable is determined by the second argument of F. It is important to note that this argumentby itself can also be a redex for one of the rules for F and that, in order to determine for which rule this is the case, the reduction of 5 is needed. Thismeans that on the one hand it depends on the reduction of G x3 x (and consequently on the reduction of 3 and 4) whether the rule as a whole might be aredex for the first or the second rule for . On the other hand it depends on thereduction of 5 whether F (G x3 x4) x5 might become a redex as a whole forone of the rules for . So it is impossible to indicate a needed redex, i.e. toUnfortunately there does not exist an efficient test to determine whethera system is strongly sequential or not. Furthermore it is hard to seewhether or not a specific TRSis strongly sequential and how evaluationwill proceed. The Huet—L�vy strategy will not be fully treated here. Itwould require extending the notions of partial match and strong headnormal form to definitions that recursively take more of the whole termThere are several other interesting related systems for term rewritingthat are not treated in this textbook, such as conditional rewriting sys-s (Meinke and Tucker, 1992), in which rewriting can only proceedif a guard is fulfilled (like in Miranda) and narrowing rewriting sys-s (De Groot and Lindstrom, 1986), in which the term that is rewrit-ten may have free variables. Narrowing means that the variable in theterm is instantiated with (is narrowed to) the value that is specified in apattern. There are various ways of using this mechanism. Narrowingrewriting systems are investigated in the context of logical program-This section treats term rewriting systems with priorities (Baeten al., 1987), also called priority rewrite systems s), that try to cap-ture the theoretical basis of the order dependency in the rules. The dif-ence with an ordinary TRSis that in a PRS whenever a rule matchesa given redex, it can only be chosen if none of the rules with higher pri-ority can ever match the (internally rewritten) term. A reduction step iscalled internal if it proceeds entirely within the arguments of the left-The greater than sign indicates that the top rule has priority over the bottomrule. If the argument of Fac is 0 then the first rule is applicable. However, if itis somehow known that the argument can never be reduced to 0, then the priority of the rules makes it possible to choose the second rule without actuallying the argument. So the second rule can be applied on Fac (+ 1 1) but

Of course it is in general undecidable whether or not a term can ever bemade to match a pattern via internal rewrites. So a practical aption is simply to force the evaluation of the term. Forcing evaluationmeans reduction to strong head normal form via some strategy. Uniformly forcing evaluation means that the choice for a rule with lowerpriority is only made if the subterms on ambiguous positions are reduced to strong head normal form. In this way, no choice for a rule withForcing evaluation solves the problems in examples like Fac (+ 1 1) and Fac (— 1 1) are first reduced to, respectively, Fac 2 and Fac0, and then the choice between the prioritized rules is made. However,due to forcing evaluation non-termination may occur, although semanti-A very clever strategy could know that can only reduce to G (G (�(G F)...))so never to G 0, so the second rule of can be applied. The normal form of is 2. Forcing evaluation of the argument of G leads to non-termination. TheFurthermore, in partially ambiguous cases a normal form may not beThe normal form of F G is 1. However, forcing evaluation of the argument ofA strategy still must indicate which of the arguments must be forced forevaluation. This is essentially the same problem as with ordinary TRSs.For orthogonal TRSs the priorities do not make a difference. It is possi-ble to investigate again various non-rule-based and rule-based strategiesfor PRSs. However, we only investigate one specific strategy: the func

The functional strategy combines the discriminating position strategywith uniformly forcing evaluation in priority rewrite systems such thatthe reduction proceeds in a similar way to most functional lansubtle uses of priority for only certain sets of rules are not used, but tex-tual order is assumed always to correspond to increasing priority; if anormal form is required the strategy is recursively applied to all sub-terms of obtained head normal forms. Effectively, this means that thediscriminating position strategy is applied for one rule alternative at atime, with as a consequence that each non-variable subpattern underconsideration induces a discriminating position. This leads to an effi-cient reduction strategy that is relatively easy to understand. Priorityrewrite systems with an additional restriction that the functional strategyIn other words, the functional strategy chooses redexes as follows:if there are several rewrite rules for a particular function, the rules aretried in textual order; patterns are tested from left to right; and evaltion of an actual argument is always forced when this argument mustmatch a non-variable in the corresponding pattern (even in overlappingcases). This forcing of the evaluation of an argument reduces the argument to strong head normal form. If in the resulting term the argumentmatches the corresponding part of the pattern, the next (sub)argument istried until the whole pattern matches and the rule can be applied. If inthe resulting term the argument does not match the corresponding partof the pattern, the left-hand side of the next rule is tried to match the re-sulting term, proceeding in the same way, enforcing evaluation of sub-terms. If in the end none of the rules matches, the whole term is instrong head normal form. If a normal form is required the strategy is re-This example has the intended semantics if the functional strategy is chosen.Fac (— 1 1) will be reduced to Fac 0 and the priority of the rules guaranteesIf the functional strategy yields a normal form, it is a correct one withrespect to the priority semantics. Of course, the functional strategy is

Owing to the forced evaluation the normal form 2 of F W 1 is not reached inthis PRS: owing to the priority of the rules the functional strategy does notfirst reduce the second argument of F, but first forces evaluation to establishSo the functional strategy is actually a practical compromise: it is effi-ciently implementable and it makes it possible to express computationsit is easy to use: the priority in the rules makes alternative rulesit is easy to understand, such that a programmer will not oftenThe class of TRSs without priority for which the functional strategy isTRSs have much in common with functional languages. Since TRSshave even greater expressive power than the -calculus, it will certainlybe possible to translate functional programs into equivalent rewriterules. An initial expression will be translated into a term that has to beHowever, there are several translation schemes possible dependingon the kind of TRSone would like to obtain, such as an orthogothe complexity of the obtained code (the number and size of the the number of reduction steps needed to reach the normal form(assuming that the compilation is correct and the normal form willFor instance, one can choose to compile to an orthogonal TRS and usethe parallel-outermost strategy. This means that one has to make sureHere we illustrate how the basic concepts of functional languagescan be translated to an FTRS. It should not come as a surprise that sucha compilation is a very straightforward one. Most of the details of anactual translation can be found in Chapter 9, where the translation fromMiranda to GRSs is given. In most cases these translation schemes areBooleans can be expressed as constants: True, . Now a conditional

It will be clear that the use of the machine representation of numeralsNow functions on these lists can be defined via pattern matching on theIn Miranda, all functions are curried and have at most one arguCurried applications of functions can be realized in TRSs by introduc-ing additional rewrite rules for those functions that are actually used in acurried way. These additional rules explicitly transfer curried applitions of these functions into uncurried ones. Hence, currying is onlyAssume that all elements of an integer list have to be multiplied with thenumber 2, using this function Map. Assume that * is a predefined -rule forinteger multiplication that is defined with arity 2. Now its curried applicationThis AP-rule transforms the curried application of the multiplication into an

In general, an extra AP-rule has to be defined˚for every function that is actuIn contrast with implementations based on the l-calculus, name conflicts cannot occur in an implementation based on TRSs. Still, an im-plementation of general TRSs is not straightforward, in particular whenefficiency is important. Only some subclasses and strategies can be implemented efficiently. Orthogonal systems require parallel-outermost asstrategy, which is inherently inefficient. Left-normal systems can beimplemented efficiently by means of the leftmost-outermost reductionstrategy. Locally and globally discriminating systems can be efficientlyimplemented, but their characterization is difficult to comprehend. Effi-cient implementations of FTRSs which use the functional strategy canAs explained in the previous chapter, combinators (and hence also com-binatorial systems) can be implemented efficiently. However, an advan-tage of the use of more general TRSs is that pattern information is ex-plicitly present in the model allowing special kinds of analysis (for ex-To avoid unnecessary computations one can share terms in the actualimplementation. In such a case, graphs are rewritten instead of terms.Because local definitions do not exist in TRSs, the problem that parts ofthe graph sometimes have to be copied does not occur. However, usinggraphs instead of terms will change the semantics in certain cases. ThisThe functional strategy chooses redexes in a similar way as in Miranda.So, as shown in Chapter 9, a functional program can be compiled to a the length of the obtained code is linear with respect to the lengthIf graphs are being used instead of terms, even state-of-the-art effi-ciency is possible (see Part 4). The language Clean (introduced in Chap-ter 8) which uses the functional strategy, is based on this extension tograph rewriting. In Chapters 10, 11 and 12 it is explained how an ef-In TRSs tests on syntactic equality (pattern matching) are used toMost notions like normal forms, and rewriting are simi-lar to the corresponding notions in the -calculus. But for a general and comparing are the sources of non-confluency, soThe parallel-outermost strategy is normalizing for orthogonal sys-; it is an inefficient strategy because it can indicate redexesThe leftmost-outermost strategy is normalizing for left-normal sys among which are combinatorial systems; left-normal systemsThe discriminating position strategy as well as the Huet—L�vystrategy are normalizing for, respectively, locally and globally dis-criminating systems. The strategies are efficient but their classes ofTRSs are difficult to characterize and it is difficult to underThe functional strategy combines the discriminating position strat-egy with uniformly forcing evaluation to strong head normal formin systems with priority in the rules. It is similar to the way eval-uation proceeds in most lazy functional programming lanThe functional strategy is efficiently implementable and intuitivelyConceptually there are fewer problems in making an implementathere is no need for -conversion, as name conflicts cannot

Is Ap a subterm in the expression above? If so, say why; if not canyou tell whether there is a term in which Ap is a subterm? Give anIndicate for each of the following TRSs whether it is partially am-For each of the following TRSs, give a reduction sequence of thegiven term using respectively the leftmost-outermost reductionstrategy, the parallel-outermost reduction strategy, the discriminat-Try to translate Berry�s example into the -calculus and show thatfor every possible translation the resulting -expression can be