77Part 2Models of computation

Chapter 3The l-calculusChapter 4Term rewriting systemsChapter 5Graph rewriting systems

78MODELS OF COMPUTATIONThis part contains an overview of three important models of computa-tion: l-calculus, term rewriting systems and graph rewriting systems. Inthree consecutive chapters these models are compared with respect totheir ability to serve as the basic model for functional languages andtheir implementation.The best-known model is the l-calculus introduced by Church(1932; 1933). This calculus is a model of computation based on consis-tent substitution of variables in nameless functions. Evaluation is doneby two rules only: a-conversion and b-reduction. Many semantic prop-erties that are deduced for the l-calculus immediately carry over tofunctional languages. Therefore, the l-calculus is studied intensivelyand used as the basic model of computation. But, although the model isvery suitable as a model to study the basic semantics of functional lan-guages, it is in our opinion not very suitable to study implementationaspects of functional languages.Term rewriting systems (Huet and Oppen, 1980; Klop, 1992)form a model of computation based on pattern matching on terms thatdo not contain variables. In term rewriting systems evaluation is notdone using a fixed set of reduction rules but in every term rewritingsystem a set of rules is specified that define how terms can be rewritten.Semantically, a functional program can be seen as a specific termrewriting system in a special class of term rewriting systems. Implemen-tations of functional languages are usually more close to term rewritingsystems than to the l-calculus.Graph rewriting systems (Barendregt et al., 1987a; 1987b) ex-tend term rewriting systems with the notion of sharing such that a modelof computation is obtained based on pattern matching on graphs notcontaining variables. Every efficient implementation of functional lan-guages avoids duplication of work by sharing subexpressions. There-fore, graph rewriting systems are considered to be best suited to serve asthe basic model for functional languages and their implementation.

79Chapter 3The l-calculus

3.1l-expressions3.2Reduction rules forl-expressions3.3Reduction sequences andnormal forms3.4Properties of l-calculus3.5Reduction strategies3.6Properties of subclasses of thel-calculus3.7l-calculus as a basis forfunctional languages3.8l-calculus as a basis forimplementations

The theory of the l-calculus has been introduced by Church (Church,1932; 1933) to describe the properties of mathematical functions usinga textual substitution model, and has since been investigated further.All functions that are effectively computable can be expressed in thecalculus (see also Section 1.1.2). Another important property of thecalculus is the Church—Rosser property, which states that alternativeevaluation orders cannot yield different results. Many of the theoreticalproperties of functional programming can be deduced from the (known)theoretical properties of the l-calculus. The semantics of a high-levelfunctional language can be explained by giving the translation schemesto the calculus. The close relation between the (relatively old) calculusand (relatively new) functional languages makes it clear why anyoneinterested in the underlying basic concepts of functional languagesshould study the l-calculus.In Sections 3.1—3.6 a short overview is given of the theory of thel-calculus. Readers interested in a detailed overview of the l-calculus(including proofs of the theorems discussed in this chapter) are referredto the book of Barendregt (1984).One can regard the l-calculus also as a very simple low-levelfunctional programming language that is as equally powerful as a high-level functional language such as Miranda. One often regards thesehigh-level functional programming languages as sugared versions ofthe l-calculus. It is possible to translate programs written in an arbitraryfunctional programming language into an equivalent expression in the

80THE l-CALCULUSl-calculus. In Section 3.7 it is shown how, in principle, Miranda func-tions can be translated into equivalent l-expressions.Since the l-calculus can be considered as a basic functional lan-guage, a l-calculus machine should be suited to executing all functionalprograms. However, as discussed in Section 3.8 an efficient realizationof a l-calculus machine is not so easy to achieve. The computationalmodels that are introduced in Chapters 4 and 5 are more closely relatedto functional languages and the way they are generally implemented.3.1l-expressionsIn the l-calculus one can write down expressions (l-terms or l-ex-pressions) in which anonymous functions can be defined together withthe expressions on which these functions have to be applied. Further-more there are a couple of evaluation rules called reduction rules (orrewrite rules) defined in the calculus that specify how a l-expressioncan be transformed into an equivalent l-expression, i.e. an expressiondenoting the same value. In this section the l-expressions are intro-duced, in the next section reduction rules are discussed.Syntax definitionSyntax of l-expressions in BNF-like notation (literals between quotes):Lambda-expression=Lambda-abstraction|Application|Variable|Constant ;Lambda-abstraction=’(’ ’l’ Variable ’.’ Lambda-expression ’)’ ;Application=’(’ Lambda-expression Lambda-expression ’)’ ;Further syntactical aspects are the following: variables will always startwith a lower case character and constants with an upper case characteror some special character (a digit, an asterisk, etc.); in general, theoutermost parentheses are left out; as in Miranda, application (juxtaposi-tion) is left associative; l-abstraction (.) is right associative; applicationhas a stronger binding than abstraction; and parentheses can be omittedwhen they are redundant (see Section 3.1.2).3.1.1l-abstractionWith l-abstraction anonymous functions are specified, i.e. functionsthat have no name. A l-abstraction is a l-expression with which onecan define an anonymous function of a certain variable. This variablecan be considered as the formal argument of the function. The variableis called the bound variable of the abstraction. The general form of al-abstraction is:

l-EXPRESSIONS 81l-abstraction:lv.expression››››a functionof variable vthatreturns this valueThe expression behind the dot is again a l-expression that expresses thebody of the function. In general, the value denoted by the expressionwill depend on the bound variable.Examples of l-abstraction. It is assumed that Inc and * are externally definedfunctions (see the end of this section on constants):lx.Inc x››››the function ofxthatincrements xlx.* x 2››››the function ofxthatmultiplies x by 2In the l-calculus only functions with one argument can be speci-fied. Functions with more than one argument are simulated by using acascade of (higher order) functions each with exactly one argument (seealso Section 1.7.2). A higher order function yielding a function can bedefined by specifying another l-abstraction as function body.Defining higher order functions:lx.(ly.+ x y)›››››››the function ofxthatyieldsthe function ofythatadds x and yThis is equivalent to the Miranda definition:f x y=x + yIn Miranda most functions have a name, whereas in the l-calculus allfunctions are anonymous; in the l-calculus all functions are specified inprefix notation.3.1.2Function applicationAs in functional programming languages, application is fundamental inthe l-calculus and it is denoted simply by juxtaposition.

82THE l-CALCULUSFunction application:fa››fhas to be applied toaIf f is a function (l-abstraction), the expression to which the function isapplied is called the actual argument of the function.Example of function application:(l x.Inc x)5››this function of xhas to be appliedto the constant5((lx.(ly.+ x y))4)5›››this function of xhas to be applied to4and the result which is a function of yhas to be applied to5Notational conventionsParentheses can be left out when they are redundant. The main cases aregiven below with other ways to abbreviate l-expressions. The symbol�”� means: �is an abbreviation for�.lx.exp1 exp2”lx.(exp1 exp2)exp1 exp2 exp3”(exp1 exp2) exp3lx.ly.exp”lx.(ly.exp)lxy.exp”lx.ly.expAlthough functions have no name in the l-calculus it is sometimes con-venient to use an abbreviation as a synonym for a complex l-expres-sion. Such an abbreviation is generally an identifier in upper case char-acters. Do not confuse this notation with a (possibly recursive) functioncall in Miranda. The identifier is just an abbreviation for the correspond-ing l-expression and nothing else.A common abbreviation for a specific l-expression:TWICE ” (lf.lx.f (f x))3.1.3ConstantsIn the original l-calculus model, pure l-calculus, constants were notincluded. Nevertheless, any computable function can be expressed in l-EXPRESSIONS 83pure l-calculus. For notational convenience however, we do includeconstants in the model to represent constant values (such as numbers)or externally defined functions (such as arithmetical functions). Such afunction is called a d-rule or a d-function (see Section 3.2.3).Some l-expressions containing constant values (2, 3 and 5) and externally de-fined functions (+, *, —):5+ 2 3lx.* (+ 2 x) (— y x)3.1.4Representing l-expressions as treesSometimes a l-expression is also represented as a tree, which clarifiesthe structure of an expression.a

aFigure 3.1A tree representation of, respectively, l-abstraction (

As shown in Figures 3.1 and 3.2, a -abstraction is represented insuch a tree by a vertical line with on the top the tree representing E, the function body of the anonymous function of An application of an expression F applied to an expression A is repre-

sented by a binary tree with @ (indicating an application) as root, a leftA -expression can contain variables. Traditionally, a one-characteridentifier (x, y, z, v, , a, b, , �) is used to denote a variable. There are variables and bound variables. Informally it can be stated that avariable occurs bound in a sion if and only if there is an enclos-ing -abstraction that binds it, i.e. the variable is the formal argument ofan enclosing -abstraction. Otherwise, the variable occurs in this expression. The notion of free and bound variables plays an importantThe precise definition of bound and free variables can easily beAn occurrence of a variable, say x, is bound if on the path startingfrom the occurrence of the variable (this will always be a leaf inthe tree) going up to the root of the tree a l is encountered with avariable with the same name you started with, i.e. l. The first oc-currence of lx in the path from the leaf up to the root is said toFollow this algorithm for the variables in the trees given in Figure

Note that a variable can occur bound as well as free in one and the same exIn the l-calculus the term lx.x is considered to be equivalent to lz.z. A-expression can be converted into another equivalent one by renamingbound variables. It can be compared to a function definition in Mirandain which the names of the formal arguments can be chosen freely

(without changing the semantics) as long as they do not conflict withother names. Expressions that can be made textually equivalent by re-naming bound variables are called or alphabeticallyIf names are changed, a new name which is chosen must not be in with one of the old names. Therefore -conversion only allowsus to change the name of a bound variable under the following condi-where E [x := A] means in which all free occurrences of (which meansoccurrences of x not bound by other ls inside ) are replaced by . TheHere are some examples of valid and invalid a-conversions on

One has to be careful because the same name does not alwaysstand for the same variable. Whether or not the same name stands forthe same variable is determined by the context: when the variables arebound by the same or when they are both free then they also stand forthe same variable. From now on, two -expressions are considered to beThere are a number of reduction rules or rewrite rules that define how-terms can be converted to other, equivalent, -terms. Two transformais a reduction rule that describes how to evaluate an appli-cation of a function (a l-abstraction) to its actual argument. In the calculus, -reduction states that any function applied to an argumentforms a -redex, a reducible (sub)expression according to the tion rule. The result of b-reduction is the body of the straction inwhich all occurrences of the formal argument are textually sub(replaced, reduced, rewritten) by the actual argument on which thefunction is applied. Hence, all occurrences of the variable that are boundby the corresponding l are replaced by the actual argument. The rewhere E [x := A] means E in which all free occurrences of x are reby expression A. Furthermore, as explained below, it is not allowed thatAs an example some l-terms are given together with some

In the example above an anonymous function is returned after applica-tion of the function to the first argument. When -calculus is used tomodel currying, a new anonymous function is explicitly created each

A -redex can easily be recognized in a tree representation. It is a

Figure 3.3A b-redex, the application (@) of a -abstraction () toAccording to the definition, b-reduction is only valid if the free variables that are present in the actual argument remain free after substituExample of an illegal -reduction: after substitution, the free variable hasbecome a bound variable. The name of the free variable �conflicts� with theThe name conflict can be avoided by performing -conversion first, replacing

Note that the illegal substitution above would have changed the meaning ofthe expression: y.y y„a z.y z. For the same reason it is not allowed to avoidThe examples show why b-reduction is only allowed when the substitu-tion is �safe�, i.e. when no names of free variables get bound through thesubstitution. From now on it will be assumed that -conversion will al-At first sight it may seem possible to avoid name conflicts by choosingdifferent names for the different variables in the initial However, name conflicts can arise during duction even if in the ini

Consider the following -expression: TWICE ” lf.lx.f (f x)). -conversion is

In this term the underlined subterm is not allowed to be -reduced since otherwise the free variable would get bound. So first the names have to bechanged: -conversion is applied, renaming all occurrences of that are

The example shows that changing of names can in general be necessaryafter any -reduction because as a consequence of (self-)applicationnew conflicts can come up. Note that a-conversion is not considered tobe an explicit step in the reduction process: it is a renaming process thatdoes not change the structure of an expression and it is assumed to bePractical ways to deal with -conversion are explained in Section3.8. Furthermore, in that section it will be shown that there are certainAs explained in Section 3.1, the impure -calculus can contain exter-nally defined functions which are called functions can be defined on predefined constants, such as, for instance,constants that represent numbers. Although it is possible to define mostof these functions and constants directly in the pure culus (seeSection 3.7), it is sometimes more convenient for readability and illus-tration purposes to assume the availability of these external functions. rules are sometimes also introduced to increase efficiency: with one one can obtain the same result that otherwise would have costIf a -function is applied to the number of arguments it needs andthese arguments are of the correct type, the corresponding subexsion is called a -redex. If the external function is applied it is called aFor example, assume that an external d-rule + is defined which requires that its arguments are constants of a specific type, e.g. constantbers. An application of the function + is not a -redex until this re-striction is satisfied. This implies that one first has to reduce the arguments of to obtain the required constant numbers, before this Example of a -reduction step, assuming that +, 2, and 5 are externally de

In principle, it is allowed that external functions investigate the in-ternal structure of their arguments. This means that, for instance, it ispossible to have -rules that can determine whether two arbitrary pressions are syntactically equal. Such a function cannot be defined inthe pure l-calculus. Hence with d-rules one can introduce arbiA reduction of a l-expression consists of zero or more reduction steps (rewrite steps) performed on that expression. If expressioncan be reduced to expression E2 by a reduction sequence, E2 is calleda reduct of E1. This is denoted as: E1 E2. So is the reflexiveA -expression that does not contain a redex is in normal form. A-expression has a normal form if there exists some sequence of reduc-tion steps starting with this expression that results in an expression innormal form. Not all expressions have a normal form. In that case there

If more than one redex occurs in an expression, different reduction se-quences are possible. Hence, the available redexes can be reduced indifferent reduction orders. An interesting question is: is it possible thatan expression has more than one normal form depending on the chosen

Two different reduction sequences: one leads to a normal form, the other is an

The examples show that not all reduction orders lead to a normalA reduction system (such as the -calculus) has the ChurchRosser property (Church and Rosser, 1936) or is confluent if and onlyif for every two �divergent� reduction sequences E 1 and E there are two �convergent� reduction sequences E1 E3 and The Church—Rosser property is also called the diamond

The Church—Rosser theorem has a very important consequence: in a re-duction system, in which the Church—Rosser property holds, every ex-pression has at most one normal form: the normal form is unique. As-sume that an expression has two normal forms. The Church—Rosserproperty implies that there must be a common reduct to which boththese normal forms can be reduced. Since both expressions are already

If a -term can be reduced by several reduction sequences and severalof these sequences lead to a normal form, the result is always the same,independent of the reduction order chosen. l-expressions that have acommon reduct are vertible (). Due to the Church—Rosserproperty the following holds: if E1 3 and 3 then E1 = = (Church�s thesis) The class of effectively computablefunctions, i.e. functions that intuitively can be computed, is the same asTheorem: The class of Turing computable functions is the same as theSo the power of Turing machines is the same as the power of the A reduction strategy in the -calculus is a mathematical function thatprescribes which redex in a given, arbitrary -expression has to berewritten. When it is repeatedly applied to a -expression and itsreducts, a strategy defines the order in which redexes are reduced. Inthis way a (possibly infinite) reduction sequence can be defined. Anormalizing reduction strategy is a reduction strategy that results, af-

In the normal order reduction strategy the leftmost-outermost redex ina given expression is rewritten and therefore it is also known as theleftmost-outermost reduction strategy, or as the strategy. Theleftmost-outermost redex of a l-expression is the redex that is not surrounded by any other redex (outermost) and is to the left of all the other

1 is the leftmost redex, because this redex is to the left of all other redexes inthat expression. Furthermore this redex is also an outermost redex, becausethere is no other redex in this expression that surrounds 1. Note that 2 is also

Theorem: In the l-calculus the normal order strategy is a normalizingThe applicative order reduction strategy prescribes rewriting the left-most-innermost redex in a given expression and therefore it is alsoknown as the leftmost-innermost reduction strategy, or the strategy. The leftmost-innermost redex of a -expression is the redexthat does not contain any other redex (innermost) and is to the left of allthe other innermost redexes in that expression (leftmost). Hence, the in-nermost reduction strategy will always rewrite the argument of a func-tion first, before a -reduction is performed on that function and its arInnermost reduction: The third example shows that the innermost reduction

Analogous to leftmost-outermost and leftmost-innermost one candefine the notions rightmost-outermost and rightmost-innermost. Tofind leftmost, rightmost, innermost or outermost redexes, again the tree

Figure 3.5Tree showing leftmost, rightmost, innermost and outermostA combinator is a -expression (a -abstraction) without free variables.Combinators can be regarded as function constants, e.g. S and K are

With these combinators applicative expressions can be constructed, i.e. expressions in which only applications (of combinators)occur. It turns out that with only the two combinators, and K, one canconstruct a system that has the same power as the pure culus: oneWith an applicative expression of the combinators S and one can build forGenerally, for convenience, the -combinator is added to the system, although

It is amazing that with only two combinators, any computablefunction can be expressed. Intuitively this can be explained as follows.The pure -calculus consists of variables, functions and applications.When a function is applied to an argument, the actual argument is sub-stituted for all occurrences of the formal argument, the variable boundby the corresponding . So actually all that matters is to get a copy of anexpression in the right place. With an combinator an expression canbe duplicated and inserted into two subexpressions. With a combina-tor an expression can be removed. With a proper combination of the twoone can copy any expression into another until it is in the right place. Ifa copy arrives at a place where it is not needed, it is simply removed byAn algorithm for translating -expressions into an applicative expres-All translation rules used in this textbook are presented in a func-tional style. These functions define how a (part of a) language can betranslated into another language. The objects of the translation are syn-tactic objects. To make a translation description in a functional formal-ism as short and as readable as possible a notational convenience isadded that allows specification of arbitrary syntactic objects. To empha-size that these objects are special they are placed between double squarebrackets ( and ). If one would like to specify these transformations di-rectly in Miranda, one would actually need a data structure (an abstractsyntax tree) that is able to represent any sentence in the language onewants to translate. The algorithm for translating l-expressions intocombinators, known as bracket-abstraction (probably due to the use of

Algorithm for bracket-abstraction: and y are variables, is any constant,

This complicated expression will, when it is applied to two arguments (say

The example above shows that there is a slight disadvantage whenonly these few combinators are used: the resulting expression is of ex-ponential length with respect to the original expression. This can be im-

Since the combinators yield the same result for any argument, they are

So the following rules can be added to the translation scheme that with corresponding new optimization rules (note that only two new

These optimizations are easily proven to be correct. With the help ofthese new combinators and optimization rules the complexity can beIn this way INV can be expressed as B (S I) K. But on the other handthere is nothing wrong with introducing INV itself as an extra combina-tor. Many other combinators can be defined. It is an interesting line ofAs stated before, the -calculus can be seen as a desugared functionallanguage to which all existing functional languages can be translated.The same is possible for the other models of computation treated in thispart of the book. An exhaustive transformation scheme from Miranda toa graph rewriting system is given in Chapter 9. The intention of thissection is to illustrate how, in principle, the basic concepts of functionallanguages (see Chapter 1) can be expressed in the pure -calculus. Thiswill give the reader an intuitive idea how it can be proven that in thepure l-calculus all recursive functions can be expressed. The transformation of the more advanced language concepts can be found, forA simple Miranda function definition without patterns and guards iseasy to translate to the -calculus since application is a basic operationin both languages. Furthermore, all Miranda functions are considered toThe notation means: a function definition in a Miranda program istranslated into a -expression with a for each argument of the functiondefinition. The body of the -expression is the translation of the body ofthe function. The resulting sion is replaced for every applica-tion of f, possibly abbreviated by a symbolic name. Furthermore, anyapplication of operands is translated directly to an application of the

Since all functions are anonymous, an application of the functiontwice in Miranda results in a textual substitution of the The translation of True and False is not a value, but a function that is ableto select the first or second argument to which it is applied. This func-tion corresponds to the conditional in Miranda. So the conditional itselfdisappears in the translation. Hence a conditional expression can be

The names in upper case characters are again abbreviations that represent expressions that are the translation of corresponding Miranda expressions, e.g.In the l-calculus functions have no name. So recursion cannot be

In the recursive abbreviation above an infinite -expression is ac-tually expressed. However, the -calculus deals with finite terms only.There is a trick to solve this problem. There exist special called fixed point combinas, having the following property (Y is aRecursive functions now will get an additional parameter in whichsuch a special duplicate of their own code is filled in, but this time thiswill happen only when the function is applied. Hence there is a kind oflazy duplication of code. In the following Y stands for any fixed point

Each time Y F is applied, F is returned, and the original expressionY F is duplicated which guarantees that this kind of lazy code duplition can be repeated in the sequel. The property of fixed point combina-tors may seem very magical at first sight. Therefore an example of theThe following reduction steps show that f f (q f), which implies that

In the l-calculus one can represent natural numbers and arithmeticalfunctions. In this section every numeral n is represented by the Church numeral. The Church numerals c0, 1, 2, � are defined byNow it is possible to represent the arithmetical functions +, * and exp inBelow it is shown that yields the Church numeral representing the arith

So the arithmetic operations +, * and exp on the numerals can be represented respectively by the A+ , A and Aexp operating on theChurch numerals. It will be clear that it is much more efficient to ac

The translation of lists is not as intuitively simple as the translation ofsimple function definitions. The trick is to translate every conwith its arguments to a -term representing a function that given a pro-jection as an argument produces the desired component. So the con-Functions like head and tail are translated into -terms that given alist as an argument apply the list to the appropriate projection (implicitlysuch that hd (x:xs) is translated into HD (CONS X XS) ” lx.x TRUE) (lz.z XTL (CONS X XS)

One can simulate pattern matching by using conditionals in combinationA test for syntactic equality is however not easy to achieve in pureThe first way is choose a suitable representation (-term) such thateach constant one would like to compare can be examined via an application of a specially designed test function. The comparison is done byapplying the test function to the object and reducing the application tonormal form. If the normal form is the -term that corresponds to then they are equal; if it is the -term that corresponds to they arenot. The disadvantage of this method is that it is sometimes hard toNow a test on the equality on ZERO can be performed by taking the head ofthe representation of the numeral. A test on can be performed by takingThe second way is to add additional power to the model by the in-troduction of a special -rule (Church�s ) that is defined on normalforms. This -rule returns or depending on the syntacticequality of its arguments. The strategy has to ensure that the argumentsA reducer is a piece of hardware and/or software that evaluates an ex-pression by performing reductions. Although the l-calculus appears tobe simple, an implementation of a -reducer is not straightforward, par-ticularly if efficiency is important. This section discusses some of theFirst of all, for efficiency reasons -rules will have to be used forThen, since our prime interest is a reducer that tries to reduce tonormal form, one of the problems is caused by the -conversion. Im-plementation of -conversion has a considerable impact on efficiency.But there are more implementation problems. During the reducparticular variable. For this substitution process a rather compliadministration is needed. Only via the proper that binds the variablecan the corresponding argument be found. The consequence is that inthe actual implementation either all arguments accessible in a functionbody are passed to a function or a pointer structure has to be set up thatmakes it possible to switch back to the appropriate environment in

It is clear that performing -conversions after every reduction willnever yield an efficient implementation. De Bruijn (1972) and Berklingand Fehr (1982) have developed solutions to the problem of name con-lent to each other. The general idea is that in every variable name it isBerkling and Fehr introduce the bar operator: �#�. The numberof l-bar operator in front of a variable indicates the number of surrounding s, which bind variables with the same name, to skip. A surrounds a variable in a -term if the is above the variable in thetree representation of that -term. In that case the variable is in the bodyof the function corresponding to that . The following example illus-The following problem arises: doing a -reduction implies that thenumber of -bar operators in the expression has to be adjusted in the

It is not y.y y, because the indicated is a free variable of the expression and

Not y.#y z, because in y.#y z, #y is a free variable whereas #y was bound inThe solution of De Bruijn uses nameless dummies: instead of namedvariables. A nameless dummy is a number that replaces a named vari-able. The nameless dummy indicates by which the replaced variable isbound. The s are counted starting from the nameless dummy going tothe top of the tree representation of the term. For free occurrences ofvariables nameless dummies are replaced as if extra s binding themwere added in front of the term. In this way effectively also the namesof the free variables are modelled by the nameless dummies. Note thatDe Bruijn�s n means that the nth surrounding binds, while Berkling

As with the operator, the numbers of the nameless dummies have

It has been shown that, in general, -conversion cannot be avoidedduring -reduction. However, if redexes are reduced in a special orderand the final result does not have to be in normal form, can be avoided. This can be used in a reducer that reduces a Suppose, when reducing in normal order, the leftmost-outermostdex is rewritten. Starting from Miranda the initial expression is aclosed term, i.e. it does not contain free variables. So if the correing argument is substituted in the function body it is not possible thatfree variables in the argument get bound. Name conflicts cannot arise ifthe leftmost-outermost redex is repeatedly reduced in this way and thereduction process is stopped as soon as the result is a function. As longas reduction inside the body of a function (under an abstraction) doesExample: if the underlined redex inside the function body is reduced, name

Now conversion problems would arise if reduction would continue inside theSo the evaluation has to be stopped as soon as the result is known to bea function. Starting from Miranda this is all right. In general, Mirandaprograms do not yield a function but a value of a basic type, e.g. astring. In the case that a function is yielded, the message <function> isprinted and no further reduction to normal form takes place. So it isble to proceed with reduction in the way that is described above.An expression in the pure -calculus is in head normal form if itis of the form . � .x E E� E with , x, � x, x (not necessarilydifferent) variables and n, m ‡ 0. In that case is the head of the is of the form ‡ 1, then ) E1 is called the head redex of E. An expression in thepure -calculus is in weak head normal form if it is an expression ofeither the form x.E or the form x E E � with m ‡ 0. A head normalA head normal form does not contain a head redex. A in weak head normal form may still contain a head redex in its body. SoThe notion of reduction in which reduction never takes place underan abstraction is called weak reduction (conversely, reduction under anabstraction is sometimes called strongreduction). When only weak re-duction is performed, no a-conversion is needed if initially the free variables are chosen to be distinct from the bound variables. Since weakreduction cannot reduce under a -abstraction it generally cannot yield asky�s work on lazy -calculus formalizes the notion of lazy(leftmost) reduction to weak head normal form (Abramsky, 1990; Ong,1988). Lazy reduction is a form of weak reduction, so in lazy Assume that the evaluation of the argument involves many reductions.The following reduction steps are performed if the expression is evalu-

The argument is substituted for each occurrence of the variable in thefunction body. But if such an argument is a complicated expression re-quiring many reductions then each additional substitution implies dupli-cation of work. This is of course a terrible waste because the result ofthe computation will be the same for each occurrence. In the exampleabove this problem can be solved by reducing the expression in ap-

In general, it is much more efficient to reduce in applicative orderstead of in normal order. But unfortunately, when reduction is per-formed in applicative order, termination is no longer guaranteed (seeThere are several solutions to retain the efficiency. One solution isto analyse the arguments of a function to determine whether or not theycan be reduced in applicative order instead of in normal order. This isallowed if the termination behaviour compared with normal order re-duction is not changed (see Chapter 7). If such arguments can be found a mixture of normal order and applicative order evaluation is obThe analysis to determine whether or not arguments can be evaluated inThe problem of the duplication of work can be partly solved bychoosing a different representation for a l-expression. A computer scientist would use pointers, i.e. use a graph representation instead of using strings or trees. However, this changes the reduction besince several redexes are now contracted at once. So it is not sufjust to use a different representation. The pure l-calculus has to be ex-tended with some notion of sharing of terms. The first proposal for us-ing -calculus graph reduction instead of the ordinary string reduc-tion is due to Wadsworth (1971). Graphically this sharing can be ex-

The following linear notation is chosen to indicate shared

Unfortunately, the sharing has to be broken if the shared expression is a

If the argument were to be substituted in the function , this shared functionwould be corrupted. Consequently, the shared expression S has to be partially

To keep things sound, that part of theshared function has to be copied that is af-fected by a possible substitution of thevariable. This process of partly deis also called peeling off a copy (Wads-worth, 1971). It increases the comThe example of Figure 3.8, due to J.J.L�vy, shows that, because of the forcedcopy action, duplication of work is some-times hard to avoid. When the leftmost redex is reduced, there seems to be no wayto deshare (parts of) the expression without introducing a copy of a dex. Thisis due to the fact that when a copy ispeeled off, a copy has to be made of allapplications above the variable to be substituted up to the l that binds it. So the has to be copied but also thetwo applications above it including the

of work is called the optimality problem (L�vy, 1980). Recently, inLamping (1990) an algorithm is given that solves the optimality problem. However, the algorithm is very complex. A lot of administration is needed to always avoid duplication of work. In practice, for most casesThe use of combinators has been studied very extensively in the contextof implementing functional languages. Combinators do not suffer fromthe problems with copying shared subexpressions that are treated in theprevious section. Expressions of these combinators do not contain variables. So if combinators are implemented as basic primitives, no adminDavid Turner was the first to introduce an implementation of afunctional language using combinators as an intermediate language(Turner, 1979a). He used about 15 combinators including , K, I, B and named above and of course some -rules. This paper led to a lot of re-search on the question of which set of combinators was best for imple-mentation purposes (e.g. super-combinators (Hughes, 1982) and categorical combinators (Curien, 1986)) and even to research on machineStriving for ultimate efficiency recent implementations tend toemploy sharing not with a fixed set of combinators but with a dediset of combinator-like definitions (rewrite rules) that are deduced fromthe program. The next chapters cover the concepts of (graph) rewriteIn the translation schemes given in Section 3.7 the evaluation order wasnot taken into account. Actually, when l-terms were reduced in the examples, normal order evaluation was used. This is not remarkable sinceMiranda is a lazy language. Lazy evaluation corresponds with normalorder reduction in the -calculus, whereas eager evaluation corresponds to applicative order reduction. Lazy languages can handle infi-nite lists as long as the evaluation of the last element is not being askedfor. This corresponds with normal order reduction that will find theLanguages can also be characterized by the way parameters arepassed, the calling mecha. Call-by-value implies tive or-der reduction, corresponds with normal order reductionand call-by-need corresponds to normal order reduction in a context inThe can be considered to be the computational basis of

The most important reduction rule is that defines howa function applied to an argument is evaluated by applying textualLazy evaluation in functional languages corresponds to normal orEager evaluation in functional languages corresponds to Theoretical and practical properties of functional languages can bewith lazy evaluation work can be duplicated while eager eval-The l-calculus is not very well suited as a basis for efficient imtesting on syntactic equality is not possible in the pure culus. The extension of the calculus with Church�s d-rule israther artificial. For reasoning about implementations offunctional languages it seems to be a better approach to startwith a computational model in which syntactical tests (pattern where FAC is the abbreviation of the -expression for the factorial

Mark the free variables and the leftmost-outermost, leftmost-Consider the l-expression lx.x ((ly.x y) y) x. Give its tree representation. Reduce the expression normal order to weak head nor-3.3 Reduce the following expressions in normal order, once using the3.4 Show that cn cm ->* c(nexcept for m = 0, where n and cm are3.6 Represent the following expression by a graph, and so build a treeFib represents the Fibonacci function. Show with the help of the

Write a reducer for -expressions in Miranda. This function shouldreduce a -expression to normal form using normal order reduc-tion. The program should accept a list of characters as input anddeliver the reduced -expression again as a list of characters. TakeFurthermore, define a parser function to parse the input string tothis data structure reduce:: lcalc -> lcalcdisplay function that converts the data structure back to a list ofchars. Make sure that your reducer does -conversion when neces-