1Part 1Functional programming

Chapter 1Basic conceptsChapter 2Advanced concepts: Miranda

2FUNCTIONAL PROGRAMMINGThis part serves as an introduction to functional programming. Since there are many different functional programming languages,the first chapter focuses on the basic concepts most functional lan-guages have in common. By first focusing on these concepts it will berelatively easy to master the basics of any functional language with itsown syntactical sugar. The concrete examples in Chapter 1 are given ina subset of Miranda.In Chapter 2 the more sophisticated features of Miranda are shownto demonstrate the expressive power and notational elegance of a spe-cific state-of-the-art functional programming language. More elaborateprogram examples are given with modest suggestions for a functionalprogramming methodology.For readers who want to study the art of functional programming inmore detail good introductory books are available (e.g. Bird andWadler, 1988).

3Chapter 1Basic concepts

1.1Why functional programming?1.2Functions in mathematics1.3A functional program1.4The evaluation of a functionalprogram1.5Functions with guardedequations and patterns1.6Data structures1.7Higher order functions andcurrying1.8Correctness proof of functionalprograms1.9Program examples

This chapter first explains the advantages and drawbacks of a func-tional programming style compared with the commonly used classicalimperative style of programming (Section 1.1). The difference in objec-tives between a mathematical specification of a function and a functionspecification in a functional programming language is explained in Sec-tion 1.2.This is followed by an overview of the basic concepts of mostfunctional programming languages (Sections 1.3—1.7). These conceptsare explained using a concrete functional programming language: Mi-randa (Turner, 1985). Functions can be defined by a single equation(Section 1.3) as well as by more than one equation using guards andpatterns to discriminate between the alternative equations (Section1.5). Other topics that are covered are: higher order functions and cur-rying (Section 1.7), lists as basic data structures (Section 1.6) and (lazyas well as eager) function evaluation (Section 1.4).Traditional proof techniques like symbolic substitution and mathe-matical induction can be used to prove correctness of functional pro-grams (Section 1.8). Finally, some small example programs are pre-sented in Section 1.9.

4BASIC CONCEPTS1.1Why functional programming?Imagine the availability of perfect computer systems: software andhardware systems that are user-friendly, cheap, reliable and fast. Imag-ine that programs can be specified in such a way that they are not onlyvery understandable but that their correctness can easily be proven aswell. Moreover, the underlying hardware ideally supports these softwaresystems and superconduction in highly parallel architectures makes itpossible to get an answer to our problems at dazzling speed.Well, in reality people always have problems with their computersystems. Actually, one does not often find a bug-free piece of softwareor hardware. We have learned to live with the software crisis, and haveto accept that most software products are unreliable, unmanageable andunprovable. We spend money on a new release of a piece of software inwhich old bugs are removed and new ones are introduced. Hardwaresystems are generally much more reliable than software systems, butmost hardware systems appear to be designed in a hurry and even well-established processors contain errors.Software and hardware systems clearly have become very com-plex. A good, orthogonal design needs many person years of researchand development, while at the same time pressure increases to put theproduct on the market. So it is understandable that these systems con-tain bugs. The good news is that hardware becomes cheaper andcheaper (thanks to very large scale integration) and speed can be boughtfor prices one never imagined. But the increase of processing powerautomatically leads to an increase of the use of that power with an in-creasing complexity of the software as a result. So computers are neverfast enough, while the complexity of the systems is growing enor-mously.The two key problems that the computer science community has tosolve are:¥How can we, at low cost, make large software systems that remainreliable and user-friendly?¥How can we increase processing power at low cost?Researchers are looking for solutions to these problems: by investigat-ing software engineering techniques, to deal with problems related tothe management of software projects and the construction and mainte-nance of software; by designing new proof techniques to tackle theproblems in proving the correctness of systems; by developing programtransformation techniques, to transform the specification of a probleminto a program that solves it; and by designing new (parallel) computerarchitectures using many processors (thousands or more). In the meantime the quest for revolutionary new technologies (e.g. optical chips,superconduction) is always going on.

WHY FUNCTIONAL PROGRAMMING? 5Another approach is based on the idea that the problems mentionedabove are fundamental problems that cannot be solved unless a totallydifferent approach is used and hardware and software are designed witha completely different model of computation in mind.1.1.1An imperative programming styleMost computer programs are written in an imperative programminglanguage in which algorithms are expressed by a sequence of com-mands. These languages, such as FORTRAN, C, Algol, COBOL, PL/1and Pascal, are originally deduced from (and form an abstraction of) thecomputer architectures they are running on (see Figure 1.1). These com-puter architectures, although different in detail, are all based on thesame architecture: the Von Neumann computer architecture (Burks etal., 1946). The Von Neumann computer architecture is based on amathematical model of computation proposed by Turing in 1937: theTuring machine.a

Figure 1.1Imperative programming and the Von Neumann computer The great advantage of this model and the corresponding architecture is that they are extremely simple. The Von Neumann architectureconsists of a piece of memory that contains information that can be readand changed by a central processing unit (the CPU). Conceptually thereare two kinds of information: program instructions in the form of ma-chine code, information that is interpreted by the CPU and that controlsthe computation in the computer; and data, information that is manipu-lated by the program. This simple concept has made it possible to makeIn the beginning of the computer era, the �high-level� imperativeprogramming languages were designed to provide a notation to excomputations in a machine-independent way. Later on, one recognizedthe importance of expressing computations such that programs are standable for the human being and their correctness can be proven.It became clear that, in order to make it possible to reason about pro-grams, not every machine instruction should have a direct equivalent inthe high-level programming language. For instance, it is commonedge that with the use of GOTO statements, which are the directabstraction of the branch and jump instructions that are available on anycomputer, programs can be written in such a way that reasoning aboutthem is almost impossible (Dijkstra, 1968). We strongly believe that aBoth print statements in this program are syntactically the same. Still theymay produce different results. Clearly either the value 7 or 8 is printed in bothcases, but the exact value printed depends on the number of times the procedure calcu is called. The result returned by the procedure not only dependson the actual value of its argument, but also on the value the global booleanhas at that particular moment. This value is �secretly� changed in each procedure call. Such side-effects cause the result of a procedure call to be contextdependent. Results become very hard to predict when, in a large program,One of the most important drawbacks of an imperative program-ming style is that an imperative program consists of a sequence ofcommands of which the dynamic behaviour must be known to understand how such a program works. The assignment causes problems be-cause it changes the value (and often even the meaning) of a variable.Owing to side-effects it can happen that evaluating the same expressionin succession produces different answers. Reasoning about the correct-

Furthermore, because of the command sequence, algorithms aremore sequential than is necessary. Therefore it is hard to detect whichparts of the algorithm can or cannot be executed concurrently. This is apity, since concurrent evaluation seems to be a natural way to increaseA conjecture adopted by many researchers nowadays is that theware crisis and the speed problem are inherent to the nature of imperative programming languages and the underlying model of comtion. Therefore, other styles of programming, such as object oriJohn Backus (1978) pointed out that the solution for the software prob-lems has to be found in using a new discipline of programming: a func-In a functional program the result of a function call is uniquelydetermined by the actual values of the function arguments. No s are used, so no side-effects are possible. As a consequence, itmakes no difference where and under what conditions a function iscalled. The result of a function will, under all conditions, be determinedsolely by the value of its arguments. For instance, in the program belowIt is much easier to reason about the result produced by a function thathas no side-effects than about the result of an imperative procedure callSo perhaps a functional programming style is important and side-effects, and hence the assignment statement, should be abandoned. Butwhy should we use a functional programming language? Is it not pos-sible to use the familiar languages? The common imperative languagesalso have functions, so why not restrict ourselves and only use the func-

Well, one can use the functional subset of imperative languages(i.e. only using functions and leaving out the assignment), but then oneis deprived of the expressive power of the new generation of functionallanguages that treat functions as �first class citizens�. In most imlanguages functions can only be used restrictively. An funcFor instance, the function twice takes a function and an argument, applies thefunction �twice� to the argument and yields the result that again might be afunction. The function twice can be used in various ways, e.g. by applying theFunctional programming languages have the advantage that theyoffer a general use of functions which is not available in classical im-perative languages. This is a fact of life, not a fundamental problem.The restricted treatment of functions in imperative languages is due tothe fact that when these languages were designed people simply did notknow how to implement the general use of functions efficiently. It isalso not easy to change the imperative languages afterwards. For instance, the type systems of these languages are not designed to handlethese kinds of function. Also the compilers have to be changed dramati-In a traditional imperative language one would probably have severe problemsexpressing the type of twice. In a functional language such a function defini

Another advantage is that in most modern functional programlanguage(s) (FPLs) the functional programming style is guaranteed: thement statement is simply not available (like GOTOs are not avail-able in decent modern imperative languages). FPLs in which there areno side-effects or imperative features of any kind are called func-tional languages. Examples of pure functional languages are Miranda (Augustsson, 1984), HOPE (Burstall 1980), Haskell et al., 1992) and Concurrent Clean (N�cker et al., 1991b). (McCarthy, 1960) and ML (Harper et al., 1986) are examples of wellknown functional languages which are impure. From now on only In pure FPLs the programmer can only define functions that com-pute values uniquely determined by the values of their arguments. Thesignment statement is not available, and nor is the heavily used pro-ming notion of a variable as something that holds a value that ischanged from time to time by an assignment. Rather, the variable thatexist in purely functional languages are used in mathematics to nameand refer to a yet unknown constant value. This value can never be al-tered. In a functional style a desired computation is expressed in a staticfashion instead of a dynamic one. Due to the absence of side-effectsSection 1.8). Functions can be evaluated in any order, which makesFPLs suitable for parallel evaluation (see Section 1.4). Furthermore, theguaranteed absence of side-effects enables certain kinds of analysis of aprogram, for example strictness analysis (see Chapter 7) and uniquenessBesides the full availability of functions, the new generation func-tional languages also offer an elegant, user-friendly notation. Patternsand guards provide the user with simple access to complex data struc-tures; basically one does not have to worry about memory manany more. Incorrect access of data structures is impossible. Functionalprograms are in general much shorter than their conventional counterThe question arises, is it possible to express any possible computa-tion by using pure functions only? Fortunately, this question has albeen answered years ago. The concept of a function is one of the funda-mental notions in mathematics. One of the greatest advantages of functional languages is that they are based on a sound and well-unmathematical model, the (Church, 1932; 1933). One couldsay that functional languages are sugared versions of this calculus. The-calculus was introduced at approximately the same time as the Turingmodel (Turing, 1937). Church�s thesis (Church, 1936) states that the class of effectively computable functions, i.e. the functions that initively can be computed, is the same as the class of functions that can bedefined in the -calculus. Turing formalized machine computability andshowed that the resulting notion of . So the power of both models is the same. Hence computation can be expressed using a functional style only. For moreThe advantages mentioned above are very important. But althoughtional languages are being used more frequently, in particular as alanguage for rapid prototyping and as a language in which studentslearn how to program, functional languages are not yet commonly usedfor general purpose programming. The two main drawbacks lie in theFirstly, until recently programs written in a functional language ranvery, very slowly in comparison with their imperative counterparts. Themain problem is that the traditional machine architectures on whichthese programs have to be executed are not designed to support functional languages. On these architectures function calls are relatively ex-pensive, in particular when the lazy evaluation scheme (see Section 1.4)is used. Our computers are ideally suited for destructive updates as pre-sent in imperative languages (assignments), but these are conceptuallyabsent in functional languages. It is therefore not easy to find an effi-cient compilation scheme. Another big problem is caused by the factthat for some algorithms, due to the absence of destructive updates, thetime and space complexity can be much worse for a functional programthan for its imperative equivalent. In such a case, to retain the effi-As will be shown in this textbook, by using several new (and old)compilation techniques, the efficiency of (lazy) functional programs cannowadays be made acceptable in many (but certainly not all) cases. Newcompilation techniques have been developed at several research insti-tutes. These techniques are quite complex. Commercial compilers aretherefore not widely available yet. This will soon change. Anyhow, inour opinion, the advantages of functional languages are so imthat some loss of efficiency is quite acceptable. One has to keep in mindhigh-level imperative languages instead of machine assembly lan-

Secondly, a very important drawback of functional languages wasthat some algorithms could not be expressed elegantly in a functionalgramming style. In particular, this seemed to hold for applicationsthat strongly interact with the environment (interactive programs,databases, operating systems, process control). But, the problem islargely caused by the fact that the art of functional programming is stillin development. We had and still have to learn how to express the dif-ferent kinds of applications elegantly in a functional style. We nowknow that strongly interactive applications can be expressed very ele-gantly in a functional programming style. One example is the way inter-active programs that use windows, dialogs, menus and the like can bespecified in Clean (see Chapter 8). Another example is the definition ofThe advantages of a functional programming style are very impor-tant for the development of reliable software. The disadvantages can bereduced to an acceptable level. Therefore we strongly believe that oneday functional languages will be used worldwide as general purBefore discussing the basic concepts of most functional languages, wewant to recall the mathematical concept of a function. In mathematics a is a mapping from objects of a set called the domainto objects

Figure 1.2A function f maps objects x from the domain set to objectsThis mapping need not be defined for all objects in the domain. If themapping is defined for an object, this object is mapped to exactly oneobject in the range. This object in the range is called the image of thesponding object in the domain. If all objects in the domain have an age, the function is called a total function, otherwise it is called apartial function. If x is an object in domain A and is a function de a function is defined as follows. If is an object in thedomain A, x is said to be of type . If is an object in range B, y is saidto be of type . If a function maps objects from the domain to therange , is said to be of type A fi B, which is pronounced as �from In mathematics, there are several ways to define a function. The type ofOne way to define a function is by explicit of all ob-jects in the domain on which the function is defined with their corre-sponding images. An example of this is the following partial function(domain names Z and N are used for the domains of integers and naturalAnother way to define functions is by using definitions that consist ofone or more (recursive) equations. For example, with this method the-function above can easily be defined as a total function, applicablefor all objects in the domain. Of course, the functions and operators

A mathematician would consider the definitions above as very comordinary function definitions. But these examples are also perfect ex-amples of function definitions in a functional programming language.Notationally a function definition in a functional language has manysimilarities with a function definition in mathematics. However, there isan important difference in objective. The objective in a functional lan-guage is not only to define a function, but also to define a that automatically computes the image (result) of a function when it isapplied to a specific object in its domain (the actual argument of theSome function definitions, well-defined from a mathematical pointof view, cannot be defined similarly in a functional language, becausethe images of some functions are very difficult to compute or even can-The halting function as indicated above is a problem that is not computable,and therefore an attempt to express it will not produce the desired computation. Suppose that a function in an FPL would try to calculate the image of theing function for an arbitrary program. The only way of doing this is moreor less running the program. But then the function would simply not terif the argument program does not terminate, in which case the result 0 wouldThe equations for , g and their derivatives f ’, f ’’, g’ and g’’ are solvable, but itSome special purpose proming languages are able to calcufunctions by applying special purpose calculation techniques (symboliccomputation using computer algebra techniques or formula transforma-tions). But a general purpose functional programming language uses avery simple model of computation, based on substitution. So when functions are defined in an FPL a computation through substitutions is de-

A program written in a functional language consists of a collection offunction definitions written in the form of recursive equations and aninitial expression that has to be evaluated. From now on a MirandaA function definition consists of one or more equations. An The left-hand side defines the function name and its formal argu- (also called formal parameters). The right-hand side specifiesthe function result. It is also called the function body. This funcbody consists of an expression. Such an expression can be a denotationIn a function a function is applied to an expresthe argument. The application of a function to an expression is denoted as f a. So function application is denoted by simple juxtapo-sition of the function and its argument. An important syntactical con-vention is that in every expression function application has always thehighest priority (on both sides of the equations). A function definitioncan be preceded by its type definition (indicated by post-fixing theBelow are some examples of function definitions (now in Miranda-based notation). In Section 1.6 more complex definitions can be found with more thanone alternative per function and guards or patterns to indicate which alterna

In the last example cond is a predefined operator with three arguments: aboolean, a then part and an else part. Its semantics corresponds to a condiA formal argument, such as in the example above, is also called a. The word variable is used here in the mathematical sense ofthe word that is not to be confused with the use of the word variable inan imperative language. This variable does not vary. Its scope is limitedto the equation in which it occurs (whereas the defined function namescan also denote and manipulate objects of certain predefined types withgiven predefined These predefined basic operators can be re-garded as predefined functions. For mathematical—historical reasons,and therefore also for user convenience, such primitive functions are of-fined as functions or operators. This is in contrast to the userExamples of predefined types numbers, eans, characters), correspondto predefined operators (functions), denotation of values (concrete objects) ofThe initial expression is the expression whose value has to be calcu-For example, in the case that the value of 2 + 3 has to be calculated, the initialexpression 2 + 3 is written. But one can also calculate any application of userThe execution of a functional program consists of the evaluation of theinitial expression in the context of the function definitions in the pro

The evaluation consists of repeatedly performing reduction rewriting steps. In each reduction step (indicated by a �) a funcapplication in the expression is replaced (reduced, rewritten) by the corresponding function body (the right-hand side of the equation), substi-tuting the formal arguments by the corresponding actual arguments. A(sub)expression that can be rewritten according to some function definition is called a re (reducible expression). The basic idea is that theduction process stops when none of the function definitions can be applied any more (there are no redexes left) and the initial expression is inits most simple form, the normal form. This is the result of the func-For instance, given the function definitions above (the environment), the initial expressions below can be evaluated (reduced) as follows. In the ex

However, the initial expression may not have a normal form at all.As a consequence, the evaluation of such an initial expression will notterminate. Infinite computations may produce partial results that will be

Because there are in general many redexes in the expression, one canperform rewrite steps in several orders. The actual order of evaluation isdetermined by the reduction strategy which is dependent on the kindof language being used. There are a couple of important things to knowDue to the absence of side-effects, the result of a computation does depend on the chosen order of reduction (see also Chapter 3). If allredexes are vanished and the initial expression is in normal form, the re-sult of the computation (if it terminates) will always be the same: theFor instance, one can compute one of the previous expressions in a different

It is sometimes even possible to rewrite several redexes at the same

However, the order is not completely irrelevant. Some reduction ordersmay not lead to the normal form at all. So a computation may not ter-minate in one particular order while it would terminate when the rightExample of a non-terminating reduction order. Assume that the following (reNow it is possible to repeatedly choose the �wrong� redex which causes an in

In this case another choice would lead to termination and to the unique normal

The reduction strategy followed depends on the kind of FPL. In somelanguages, e.g. LISP, ML and HOPE, the arguments of a function arealways reduced before the function application itself is considered as aredex. These languages are called eager or strict languages. In most re-cent FPLs, e.g. Miranda and Haskell, the rewriting is done lazily. Inlazy functional languages the value of a subexpression (redex) is cal-culated if and only if this value must be known to find the normal form.

A more complex example to illustrate lazy evaluation is shown below. Thepredefined conditional function demands the evaluation of its first argument tomake a choice between the then and else parts possible. The equality functionforces evaluation in order to yield the appropriate Boolean value. Multiplica

In the previous section ordinary recursive equations were used to dea function. But often one needs a function description that depends onthe actual values of the objects in the domain, or one wants to make aseparate description for each subclass of the domain that has to be disguished. Of course, a (predefined) function can be used, like cond inthe factorial example in Section 1.3. However, it is much more conThe right-hand side of a definition can be a guarded equation. A func-tion definition using guarded equations consists of a sequence of al equations, each having a guard: an expression yielding aBoolean result, the textual first alternative for which the corguard is True being selected. Guards can be preceded by the keyword ifThe guard of the last alternative can be just the keyword otherwise andthe corresponding alternative is chosen if and only if all other guardsevaluate to . Although it is allowed, it is good programming styleIt is quite possible to define partial functions using guards. When ation is called with actual parameters that do not satisfy any of theFor example, the Fibonacci function below will cause a fatal error when it isThe programmer should of course avoid this situation. One way toavoid it is to specify the domain (type) of a function accurately, in sucha way that a total function is defined on that domain. The type system ofthe language should therefore allow the specification of new types or ofsubtypes (see Chapter 2). However, an arbitrary accurate specificationof the domain is generally not possible because it leads to undecidabletype systems. Total functions can be accomplished in another way byadjusting the definition of the partial function. The guards should thenalways cover the whole domain the function is defined on. To make thispossible in an easy way most languages are equipped with an error rouThe Fibonacci function above is now changed into a total function. It will stillyield a run-time error when it is called with an argument less than one. Butnow this situation is handled by the programmer and an appropriate error mes

It is also possible to discriminate between alternative equations by using on the left-hand side. These are values (e.g. ) includ-ing data constructors (see the next section) or variables. The meaningof a pattern is that the equation in question is only applicable if the ac-tual arguments of the function match the pattern. An actual argument a corresponding pattern value if it has the value. A pattern variable is matched by any actual argument. An equation is onlycable if all the actual arguments match the corresponding patterns.terns are tried from left to right, equations are tried in textual order:from top to bottom. When an actual argument is matched against a nonvariable pattern, the argument is evaluated first after which the resulting0 and n are the patterns of the first two rules (a variable as formal parameterindicates that it does not matter what the value is). Calling fac (7 — 1) will result in a call to the pattern-matching facility, which decides that (after thePatterns have a limited power: they can only be used to test whether ac-tual arguments are of a certain value or form. Using guards any functioning a Boolean result can be applied to the actual arguments. Soguards are more powerful than patterns, but, on the other hand, patternsare easier to read and sufficient for most definitions. Using patterns in nation with guards often leads to clearer and more concise definiIn imperative languages one can define global data structures that areglobally accessible for reading and writing during execution. Since thisis not possible in functional languages it will be clear that the use ofdata structures in these languages is quite different. After creation of adata structure, the only possible access is read access. Data structurescannot be overwritten. Furthermore, data structures are not globallyavailable but they must always be passed as arguments to the functionsModern functional languages allow the definition of structureddata objects like the records in Pascal. How user-defined data structurescan be defined is explained in the next chapter. In this chapter only listsLists are the most important basic data structure in any FPL. in FPLs are actually linked lists, each element in the list has the sametype (see Figure 1.3). The last element in the list is indicated by a spe-

Because lists are so important, they are generally predefined. A list isconceptually not different from any other user-defined data structureLists, like any data structure in an FPL, are built using data con-. A data constructor is a special constant value that is used asa tag that uniquely identifies (and is part of) an object of a certain type.So one can recognize the type of a data structure just by looking at thedata constructor it contains. Several different data constructors can beLists are constructed using two data constructors (see Figures 1.4and 1.5). A list element is tagged with a constructor that is usuallynamed �Cons� (prefix notation) or �:� (infix notation, as used in Mi-randa). The end of a list is an empty list that just contains a tag, theconstructor � or �[ ]�. A non-empty list element contains, besides theconstructor �Cons� (or �:�), a value of a certain type and (a reference

Note that in most languages all elements of a list have to be of the same type.In some other languages (e.g. LISP) the types of the list elements may differ from to) the rest of the list of that same type T. A list of elements of type is

Hence, in Miranda, a non-empty list element contains the infix con

Note that the list constructor � is right associative. For the convenienceof the programmer Miranda allows a special notation for lists, withThe data constructors �:� and �[ ]� are special constant values. The elements of a list can therefore easily be selected by using the patternThe (usually predefined) projection functions on lists are head (hd) and tailtl). Projection functions like these are of general use and can be defined onlists of any type (see Chapter 2). The functions given below are restrictively

Note that the parentheses on the left-hand side are not part of the list denotaThis way of handling lists is very user-friendly. One does not need toBelow some other predefined operations on lists are given. Theseare: length of a list (denoted by #), subscription,followed by a numberOne of the powerful features of lazy FPLs is the possibility of declaringDefinition of a function yielding an infinite list of numbers n, equal toThe following program, the sieve of Eratosthenes, yields an infinite list ofprime numbers. First an infinite list of all numbers [n, n+1, n+2, �] is de has two arguments: a number and a (possibly infinite) list. The filter removes all multiples of the given number pr from the list. Note the type of this yields an infinite list of primes. It is assumed that the first element in theinfinite list is a prime. This value is delivered as result in the head of a list.The function recursively calls itself, filtering all multiples of the found primeThe initial expression that will yield the infinite list of all prime numbers Programs having infinite data structures as results do not termiof course. When an infinite list is yielded, the lazy evaluation schemewill force the evaluation of the list elements from �left to right�. Itbeen calculated. Therefore, one after another the values of the elementsInfinite data structures are of more practical importance than onemay conclude from the examples above. One has to remember that, iffunctions are evaluated with the lazy evaluation scheme, the computa-tion of a value is only started when its value is needed to produce the re-sult. For instance, if one needs a certain element of an infinite list, thecomputation will not force the evaluation of the whole list, but only ofthe part that is needed for the evaluation of the required element. Therefore, such a computation can be performed in finite time, even if an in-finite list is being used. Of course, if an attempt to find the last elementSo in lazy languages infinite data structures can be defined; more-over, they make elegant programs possible. For example, if a funchas to be defined that yields the first thousand prime numbers, one canThe following initial expression will yield the second prime number of an infinite list of all primes. The evaluation will terminate even if an infinite list is

Infinite data structures cannot be handled in languages, becausethey evaluate arguments regardless of whether they are needed or not,The evaluation of the initial expression in the previous example in eager FPLs

In a lazy functional programming language most functions that are de-fined on lists can also be used to handle infinite lists. For instance, thehd function (defined above) can take the head of all lists, regardless ofCompared with the traditional imperative languages, which normallyallow also the declaration of functions, functional programming lan-guages such as Miranda have a more general view of the concept oftions: they are treated as �first-class citizens�, i.e. functions aretreated just like other objects in the language. As a consequence, func-Functions that have functions as actual arguments or yield a function assult are called higher order functions, in contrast to first-orderfunctions, which have only non-function values as argument or as re-Example of a higher order function that takes a function as argument (noteNow consider the following initial expressions (inc, square and are

Example of a higher order function that yields a function as result (note the

At first sight the substitutions in the example above may seem a bitstrange. But, remember that the application of a function to an expres-sion a is denoted as f a. So if a function is applied to more than one ar-Function application is left associative. So this can be denoted in anHence, the expression funcresult 0 6 is equivalent to (funcresult 0) 6, whichimmediately explains why the substitution above is allowed. Higher or-der functions are very natural and provide a powerful proThe possibility of yielding a function as result makes it unnecessary tohave functions with more than one argument. A function with n arguments can be simulated by a higher order function with one argumentthat returns a new function. Now this new function can be applied to theThe idea of handling functions with n arguments by using a se-quence of applications of higher order functions with one argument iscalled currying (Sch�nfinkel, 1924; Curry and Feys, 1958), see also

Chapter 3. The final result of such a sequence of applications of higherorder functions with one argument is the same as the result yielded byConsider a function definition, in Miranda, of a function with morethan one argument, say n. Assume that these arguments are, retively, of type A, �, A and that the result of the function is of typeIn Miranda, all functions are used in a curried manner. Functions withmore than one argument are simulated by a sequence of applicationswhich is the mathematical type with as domain the Cartesian product ofThe arrow -> is defined to be right associative, so the type can also beThe question arises: why should one use this currying scheme and makethings more complicated? Well, notationally it is almost equivalent tohaving functions with more than one argument: function application isleft associative, so the parentheses can be left out. Currying enables theuse of a familiar notation; only the types of the functions are different.But a great advantage of currying is that it increases the expressiveThe currying scheme makes it possible to apply a function defined on arguments to any number of arguments from 1 up to n, resulting in a function. A function defined with n arguments can, with-out currying, only be applied when all these n arguments are available.

In the curried variant some of the arguments can be �fed� to the func-tion; the result (a parametrized function) can be passed to anotherClearly, we need another argument to be able to actually perform the addispecified in the function body. The result of this initial expression is a function of type num -> num. It is a function of one argument; the function has noAssuming plus to be defined as above, the function can be defined in twoThe only difference between the two incr functions is that the second definiIt is very useful to be able to create new functions by adding parametersto more general functions. So currying enables a new way of pro-Another example of parametrized functions. The function map takes a function of type num -> num, a (possibly infinite) list of numbers and applies thegiven function to all numbers in the list. incr and plus are assumed to be de

A function that increments the elements of a list can now simply be conIn Miranda it is, in general, not the intention to yield a function asthe final result of a program. Functions cannot be printed. The intentionis to yield some non-function value, probably a string of characters, asthe final result. Therefore, in ordinary programs curried functions willThe following example of an expression with mapincr as defined above (thesecond definition) shows how evaluation might actually proceed when curry

A functional programming style has advantages that are common in anyThere is consistency in the use of names: variables do not vary,they stand for a, perhaps not yet known, constant value throughoutThanks to the absence of side-effects, in FPLs the same expression denotes the same value. This property is called referential

A definition like x + 1 would mean in an imperative languagethat x is incremented. In a functional language however this definitionmeans that any occurrence of x can always be substituted by x + 1Clearly the initial expression x does not have a normal form: substitution will continue forever (some systems recognize such situations in

Due to the referential transparency one is allowed to replace in any ex-pression any occurrence of any left-hand side of a definition by its cor-Referential transparency makes it possible to use common mathe-matical techniques such as symbolic substitution and . With thehelp of these techniques a program can be transformed into a more efcient one or certain properties of a program, such as its correctness, canThe Miranda definition of this function has a great similarity to theical definition of factorial. In order to prove that this funcindeed calculates the mathematical factorial written as n! for n >= 0mathematical induction is used: first it has to be proven that the functionlates factorial for a start value n = 0 (step 1). Then, under the assumption that the function calculates factorial for a certain value n induction hypothesis), it has to be proven that the function also calcu-

Sometimes the notion �functional programming language� is used for lan-guages which support higher order functions and the notion �applicative programming language� for languages which support referential transparency. Outside thefunctional programming community the notion �functional� is widely used as a syn

Note that the proof assumes, as is common in mathematics, that thefunction is only applied to arguments on which it is defined: the math-ematical definition does not concern itself with �incorrect input� (n < 0There is a strong correspondence between a recursive definitionand an induction proof. Recursive functions generally have the form ofa sequence of definitions: first the special cases (corresponding to thestart values in an induction proof), textually followed by the gencases that are recursively expressed (corresponding to the inThis section illustrates the expressive power of the functional pro-The function (quick) sort needs a list of numbers as argument and delivThe functions smalleq and greater take two arguments, namely an element and a list. This element must be of the same type as the type of theelements of the list. It is assumed that the elements are of type num; theRoman numbers consist of the characters (roman ciphers) M, , , L, V and . Each of these characters has its own value. The values of romanciphers are: M := 1000, D := 500, C := 100, L := 50, X := 10, V := 5, I := 1

These characters always occur in sorted order, characters with a highervalue before characters with a lower value. Exceptions to this rule are anumber of �abbreviations�, given below. The value of a roman numbercan be found by adding the values of the characters that occur in theroman number (MCCLVI = 1000 + 100 + 100 + 50 + 5 + 1 = 1256). The fol-lowing abbreviations are commonly used: DCCCC := CM, CCCC := CDLXXXX := XC, XXXX := XL, VIIII := IX, IIII := IV. These abbreviations make itless simple to calculate the value of a roman number because now thevalue of the character depends on its position in the string. NegativeDevelop an algorithm that calculates the integer value of a romanresented as a string, assuming that the string is a properDevelop an algorithm that converts an integer value into a romannumber without abbreviations, assuming that the integer value isThe function romtonum converts a roman number to a decimal number. It

The function numtorom converts a decimal number to a roman numberby repeated subtraction of 1000, 500, 100, 50, 10, 5 and 1, in this order. ItThe style in which these algorithms were presented (bottom-up) is notthe way in which they were deduced. In Chapter 2 styles of functional consists of a collection of (predefined) tion defis and an initial expression that has to be evalA function definition consists of a sequence of one or more alterna-tive equations. The choice between these alternatives is determinedThe evaluation of a functional program is called reduction A function application that can be rewritten according to a funcIn each reduction step a redex is replaced by the correspondingThe evaluation of a functional program stops if there are no moreredexes left in the resulting expression. Then the expression is inRedexes can be chosen in arbitrary order; in principle it is evenA reduction strategy determines the order in which redexes are re-In a lazy FPL redexes are only chosen if their result is needed toIn an eager FPL the arguments of a function are reduced to normal

Data structures in FPLs are not globally available but constructedin expressions, passed as arguments, decomposed and used asData structures in FPLs are composed using data A function with n arguments can be simulated using higher orderFPLs have a high expressive power due to the availability of higherDue to referential transparency traditional mathematical prooftechniques, such as induction and , can be used for the

Write in your favourite imperative language a program that findsthe maximum element in a list of numbers. Rewrite the program soCheck whether the following initial expressions are legal, and if so,Write a function maxilist that uses the function maxi of Exercise 1.2to calculate the greatest element of a list of numbers. How does react on the empty list? Are there lists for which your pro-gram does not terminate? Does it make any difference if youSuppose you now want to find the element of a list withminimal rewriting of the programs written in Exercise 1.3. Tosolve this problem first write a higher order function find in Mi-randa that gets a list of numbers and a function of type num -> num

-> num as arguments and produces a num as its result such that Then, write down the stepwise lazy evaluation of the function ap-plication find [1,2,3] s with s:: num -> num -> num and s a b = a + bDefine functions that print a list of characters on the screen in dif-ferent ways: vertically below each other; each character in theDefine a function search that takes two arguments of type yielding a bool indicating whether the first argument is part of theExamine the definition of the function in this chapter. Define afunction that applies a list of functions to a number and re-turns a list of the results of the function applications. So the fol-