Lambda Calculus: answers to the test problems of April 2, 2012.

1. Draw the reduction graph Gg(cz2lK).
The collection of nodes is

{(Mfz.f(fe)IK, (Az](lz))K, (Az.l2)K, I(IK), IK, K}.
The directed graph is
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2. (a) Show that there is a term F' € A such that for all M € A one has
FM = S(FM)(FM)
This is implied by
F

Am.S(Fm)(Fm)

(Afm.S(fm)(fm))F
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Therefore we can take the fixed point F' = YG.
(b) Now we want an F' such that for all M

FM =S("F'M)("F'M)

Now we can take F' 2 Y, G". Indeed, according to the second fixed
point theorem F = G'F' = Am.S("F'm)("F'm), so F works.

(c) Finally we want a term F' such that FM = S(FM)("F'M).
This is implied by

F=MSEFM)("F'M)=MmSEFM)(fM))'F',
so we can apply the second fixed point theorem again

F2Y, A fm.S(ELM)(fM)".



3. Define M 2 (\z.(Azeo.ze(wo(zzze0))))(A2.(Azeo.ze(ro(zzze0)))). Then
M —3 (Azeo.xe(xo(Mzeo))) and

BT(M) = Areo.x R BT(Mer) = x
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Hence BT(M) = Azeo.x
PN
e T
7N
o T
7 N

4. Given a term H of type Ilz:A. ¥y:B. Pxy, we can define a function term
f+ A — B by composing H with the first projection:

f=XM:Am(Hz): A— B
For the second component, we need a term of type
IIz:A. B(fzx) (1)

Composing H with the second projection gives us the term

F = x:Amy(Hz) : M A. B(my (Hx)) (2)
The types in (1) and (2) are not the same, but they are convertible. Indeed,

fr=(Az:Am(Hz))x =3 m(Hz)

So one application of the conversion rule yields that F' : (1). Now

EfF : Ef:A—)Bl_Ia::A-B(fx)

5. Introduce the following notation:

inpa = M:xAf:A—>~vAg:B—=~.fa
ingb = M:xAf:A—7v.Ag: B —7.gb
(a,by = Ay:xAf:A— B—~. fab

mp = pA(Az:A )y:B.x)

map = pA(Ax:B.\y:B.y)

We can do the two implications separately:
Fy, = AM:A+B—=C.(Ax: A f(inpx),\y: B. f(ingy))
:(A+B—=>C)= (A= C)x(B—0C)
F,= Ap:(A=C)x(B—=C).\x: A+ B.2C(m1 p)(map)
(A= C)x(B—=C)—(A+B—C0C)

The solution is (Fy, Fy).



