Regular Languages & Finite Automata



Grammars: ways to generate languages 1

Now we are going to play a different ‘ball-game’. Let > = {a, b}

S — 0O E
E — A | aEal bED (G1 a context-free grammar
0 — a | b | alal bOb

Productions (always start with S)

S = E = aEa — abEba = abba

S = E = bEb = baEab = babEbab = babaEabab = babaabab
S = 0 = bOb = bab

S = 0 = bOb = balab = babab

L(G) ={we¥* | wis a palindrome},

where w is a palindrome if w = w®

and word reversal is defined by \®* =\, (wo)® = o(w’) for o0 € &*
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Other context-free grammars 2

S — A | aSb GQ

All possible productions
S —— aSb —— aaSbb —— aaaSbbb—— .- —— 3"Sh" —— - - -

R N T

A ab aabb aaabbb ce a"b"

Therefore

L(Gz) = {anb” ‘ n 2 O}

Another grammar

S — abl| aSb G's

L(G3) = {a™" | n > 0}
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More generation 3

Definition. A language L is called context-free

if for some context free grammar G one has L = L(G)

Let ¥* ={a,b,c}
Claim. L = {a"b™c?"*! | n > 0} is context-free
Let us first show

L' = {a"c**t!1 | n > 0} is context-free

Use G' given by| S — ¢ | aScc

For L use G given by| S — Bc| aScc
B — A | DB

Fact. {2"b"c"™ | n > 0} is not context-free
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Formal definition of a context-free grammar 4

Let > be a finite alphabet
A context-free grammar G over X needs a finite set V' of auxiliary symbols

and consists of productionrules of the vorm

X —w

with X €V and we (2 UV)*. There is an S €V (start)
Using G a language is generated using a relation = (‘produces’) defined as follows

(where u, v, w, x,y are arbitrary elements of (X U V)™)

X —w implies Xy = zwy

u=v, v=w implies u=w

The language generated by G is

L(G) = {wex*| S = w)

Notation. X — w; | w2 abbreviates X — w
X — w29

A language L is context-free if L = L(G) for some context-free G
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Context-sensitive and enumerable languages® 5

The context sensitive languages start with production rules of the form
uXv — uwo,

with u, v € (3 U V)* arbitrary and w € ¥* not .

For the enumerable languages production rules are of the form
uXv — uwv,

with u,v € (X U V)* and w € ¥* arbitrary.

For unrestricted languages the production rules are of the form
U — v,
with u,v € (XU V)™,

These are equivalent to the enumerable languages.
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Chomsky hierarchy* 6

A languages is called computable if both L and L =Y* — L are enumerable. Let R, CF,
CS, Com, Enu be notations for the regular, context-free, context-sensitive, computable

and enumerable languages, respectively. Then R C CF C CS C Com C Enu.

® LCollatz

e {a? | p is prime}
o {a"b"c" |n >0}

o {a"b" | n > 0}

o L((ab™)")

CF
e English? CS

Com

Enu

The Chomsky hierarchy
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Languages via axioms I

Let X = {M, I, U}.
Define the language L over X by the following grammar (Hofstadter).

axiom MI
rules zl = zIlU
Mz = Mazxx
zllly = xUy
tUUy = a2y

Here x,y € X*. This means that by definition Ml € L
if xzl € L, then also zIU € L
if Mx € L, then also Mxzx
Problem. Does MU belong to L?
if xllly € L, then also xUy

if tUUy € L, then also zy
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Open problem (Collatz’ conjecture) 8

Define Lcgat, as follows.

axiom a

rule w o=  ww
wwwaae = wwa

Show that {Cln ’ 1 <n< 10} C LCollatz

Prove or refute Collatz' conjecture
Leotiat, = 1a" | n > 1}

The first correct solution with convincing proof sent by email before
01.07.2012 earns 1000 €.
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