Course Lambda calculus: test 2.4.2012.
1. For a lambda term M define the directed graph
Glg(M) = {N | M >3 N}, directed by — 3.

Draw Gg(M) for M = cyIK, where co £ A\ fx.f(fx).
[NB. In a directed graph, there may be two arcs from one node to one other
node.|

2. (a) Show that there exists an F' € A such that for all M € A one has
FM = S(FM)(FM)

(b) Idem with
FM =S("F'M)("F'M)

(c) Idem with
FM = S(FM)("F'M)

3. Write down a closed lambda term M such that BT(M) is as follows.

BT(MO )//\a:eox\ )
N
N

T(M,)

where

e if n is even;
M, = { o if n is odd.



4. Extended AP with a new type constructor ¥ with formation rule

I'EA:x Io:AF B : %
I'E>Xx:AB: %

Add the following typing rules (motivated by the logical rules for the
existential quantifier):

'Fa:A TFb: Blr=d

I'Feab: Xx:A.B 2r-intro

I'-M:XYxz:A.B .
'FmM: A 2-eliml

I'-M:Xxz:A.B S elim?

't mM : Blx:=m M|

Finally, add to to -reduction the following computation rule:
m(eab) =a : A
mo(eab) =b :  Blr:=a] = Blx:=m(eabd)].

Prove the Constructive Aziom of Choice by exhibiting a term AC such
that, with T' = {A:x, B:x, P : A — B — x}, one has

I'FAC: (IIz:A.Xy:B.Pxy) — (Xf:A—=B.Ilx:A.Pz(fx)).
5. In algebra one has ™" = z™z".
In the polymorphic system A2, define

A+B=Yy:%.(A—=7) = (B—=7v) —7;
AxXxB=Vy:x.(A—B—=7v) —
A& B=(A— B)x (B— A).

Give a term inhabiting

(A+B)—C) & (A= C)x (B—(0)).



