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21. (i) Definition

• CL(I,K,S) = x|I|K|S|PQ.

• For P ∈ CL(I,K,S) we define λ∗x.P ∈ CL(I,K,S) by induction
on the structure of P as follows

λ∗x.x ≡ I.

λ∗x.P ≡ KP if x 6∈ FV (P ).

λ∗x.PQ ≡ S(λ∗x.P )(λ∗x.Q) otherwise.

• We define the map (−)∗ : Λ→CL(I,K,S) by

x∗ ≡ x.

(MN)∗ ≡ M∗N∗.

(λx.M)∗ ≡ λ∗x.M∗.

(ii) Determine I∗,K∗ and S∗.

Prove
(iii) λ∗x.P is indeed defined for each P ∈ CL(I,K,S).
(iv) FV (λ∗x.P ) = FV (P ) − {x} for P ∈ CL(I,K,S).
(v) FV (M∗) = FV (M) for M ∈ Λ.

(vi) M closed ⇒ M∗ is a pure product of I,K and S.

(vii) λ∗x.P →→β λx.P for P ∈ CL(I,K,S).
(viii)M∗ →→β M for M ∈ Λ.

22. Verify that SK →→β λxy.y and find types A and B such that
⊢ SK : A and ⊢ λxy.y : B but 6⊢ SK : B.

23. Prove that the rules (Cut) and (≤ −L) are admissible in λBCD
∩⊤ i.e. prove

Γ, x : B ⊢ M : A & Γ ⊢ N : B ⇒ Γ ⊢ (M [x := N ]) : A.

Γ, x : B ⊢ M : A & C ≤ B ⇒ Γ, x : C ⊢ M : A.

24. Prove for system λBCD
∩⊤ .

Let M ∈ Λ∅.

M has a normal form ⇒ ∃A[⊤ 6∈ A & ⊢ M : A]

You may use that (β-red) and (β-exp) are admissible.
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