Applications of the lambda calculus1Applications of the Lambda CalculusRepresenting computable functions and proofsHenk BarendregtNijmegen UniversityThe Netherlands

Applications of the lambda calculus21Computability 32Functional programming143Interactive programs244The quest for correctness345Computations and proofs51

Applications of the lambda calculus31ComputabilityAbstract syntax for lambda termsatom = a | atom « term = atom | term term | l atom term

Axiom(lx.M) N = M [x:=N] (b) taken for granted identifications like lx.x = ly.y (a)

Applications of the lambda calculus4atomsa, a«, a ««, ...we writex, y, z, ...termsx, lx.x, (lx.x)y, ...we writeM, N, L, ...Intended interpretationlx.M(x) function F such that F: x�M(x)F xF applied to xhence for F = lx.M(x)F x = M(x)F N = M(N) = M [x:=N]Notational conventionM N1... Nk = (..((MN1)N2) ... Nk)

lx1...xk.M = (lx1(lx2 ... (lxk M)..))

Then using k times (b) one can deduce(lx1...xk.M(x1,...,xk)) X1... Xk = M(X1,...,Xk)

Applications of the lambda calculus5Representing numbers (Church�s numerals)cn = lfx.fnxwhere f0x = x and fn+1x = f(fnx)Representing computable functionsSimple functions (Rosser 1935)S+ cn = cn+1A+ cn cm = cn+mA* cn cm = cn.mAexp cn cm= cn^mforS+ = ln.(lfx.f(nfx))A+ = lnm.(lfx.nf(mfx))A* = lnm.(lfx.n(mf)x)Aexp = lnm.(lfx.mnfx)We say that the function f:INk fi IN is represented bythe lambda term F iffF cn1... cnk = cf(n1,...,nk)

Applications of the lambda calculus6Standard termstrue = lpq.p(boolean)false = lpq.q(boolean)if B then P else Q = B P Q(conditional)[M,N] = lz.z M N(pairing)<M1,...,Mn> = lz.z M1 ... Mn(n-tuple)zero? = ln.(n (lx.false)) true(test for zero)Note thatif true then P else Q = Pif false then P else Q = Q[M,N] true = M and [M,N] false = Nzero? c0 = truezero? ck+1 = falseWrite X.1 = X true and X.2 = X false then[M1,M2].i = Mi for i=1,2.More generally write Pn,i = lx1...xn.xi. Then<M1,...,Mn> Pn,i = Mi,

Applications of the lambda calculus7

Fixed-point theoremFor all F there exists an X such that FX=X

Proof Take W=lx.F(x x) and X=W W. ThenX = W W = (lx.F (x x)) W = F(W W) = FX n

Corollary Given a term G=G(h,x1,...,xn). Then there isa term H such thatH x1... xn = G(H,x1,...,xn)

Proof Apply the fixedpoint theorem toF = lhx1... xn G(h,x1,...,xn) n

Theorem (Kleene 1936) All computable functions on IN can be represented this way

Proof The initial functionszero(x) = x+1succ(x) = x+1Un,i (x1,...,xn) = xican be represented respectively byln.c0, S+ and Pn,i = lx1...xn.xi

Applications of the lambda calculus8Functions obtained by primitive recursion can berepresented as follows. Letf(0) = 13f(k+1) = h(f(k),k)and suppose that h is represented by H.We want to represent pairs (k,f(k))Note thatT [ck,cf(k)] = [ck+1,cf(k+1)]whereT = lp .[S+ p.1, H p.2 p.1]ThenTk [c0, c13] = [ck, cf(k)]so F = lk .(k T [c0, c13]).2 does the job.

Applications of the lambda calculus9Functions defined by minimalization can berepresented as follows. Letg(n) = mx[h(x,n)=0]and suppose h is represented by H. LetF n x= xif H n x = c0=F n (S+ x)else[Use corollary:F n x = if (zero? (H n x)) then x else (F n (S+ x))]Then we can take as representation for gG = ln.F n c0IndeedG n = F n c0= F n c1.....= F n ck= ckas soon as H n ck equals zero. n

Applications of the lambda calculus10Algebraic data typesnat = zero | succ nattree = bud | leaf nat | tree + tree(binary labelled trees)++3++35¥¥5Representation of computable functions over datatypes(B�hm-Piperno-Guerini 1993)Define y: tree fi term as follows y(¥)=le.e P3,1 ey(leaf n)=le.e P3,2 n ey(t1+t2)=le.e P3,3 y(t1) y(t2) e

Applications of the lambda calculus11This can best be remembered by taking as representation of the constructorsB=le.e P3,1 eL=ln le.e P3,2 n eP=lt1t2 le.e P3,3 t1 t2 e

Theorem Given terms A0,A1,A2 there exists a term F such thatF B=A0 FF (L n)=A1 n FF(P t1 t2)=A2 t1 t2 F

Proof Try F = <<X0,X1,X2>>. Then we wantF B=B <X0,X1,X2>=P3,1 X0 X1 X2 <X0,X1,X2>=X0 <X0,X1,X2>=A0 <<X0,X1,X2>>=A0 F,which holds if we take X0 = lx.A0 <x>.Similarly we can find X1 and X2. n

Applications of the lambda calculus12Self-interpretationConsider the data type with constructorsconst(unary)app(binary)abs(unary)

Proposition (Mogensen 1992)Define #: term fi term#(x)=const x#(P Q)=app #(P) #(Q)#(lx.P)=abs (lx.#(P))

Then there exists a self-interpreter E such that for all terms ME #(M) = M

Proof By the construction of B�hm et al there is an E satisfyingE (const x)=xE (app p q )=(E p) (E q)E (abs z)=lx.E (z x)The statement follows by induction on M.nWe can take E = <<K,S,C>>.

Applications of the lambda calculus13Exercises1.1 The reduction graph of a term isGb(M) = ({N | M fifib N}, fib).Draw Gb(WWW) with W = lxy.xyy.1.2 Prove that Aexp represents exponentiation.1.3 Represent f(x)=x!, the factorial.1.4 Represent on trees gmir (mirroring) such that e.g. gmir(leaf(3) + ((leaf(5) + ¥)) = (¥ + leaf(5)) + leaf(3)1.5 Represent a function on trees that squares thenumbers at the nodes and adds them.1.6 (i) Define a term fst such thatfst #(M)= P if M is (P Q)=falseelse(ii) Show that there is no term F such thatF M= Pif M is (P Q).

Applications of the lambda calculus142Functional programmingTypes are like dimensions in physicsThey provide partial correctnesstypevar = p | typevar « type = typevar | type fi type

(Typing) statementM : s �M is of type t, M in t�ContextG = {x1: s1, ... , xn : sn}Intuitive type assignmentf : sfit, x : s |- f x : t

Applications of the lambda calculus15Type vars: p, p«, p««, ...in general: q, r, ...Types: pfip, pfi(qfip), pfiq, ...in general: s, t, ...Notationss1 fi s2 fi... fi sn stands for(s1 fi (s2 fi(... fi sn)..))|- M : s stands for ˘ |- M : sG, x:t |- M : s stands for G¨{x:t} |- M : s

Applications of the lambda calculus16Formal system lfi of type assignmentlfi implicit (Curry) version(x : s)˛G �˚G |- x : sG |- F : (s fi t), G |- a : s � G |- (F a) : t

G, x : s |- M : t � G |- (lx.M) : (sfit) lfi explicit (Church) version(x : s)˛G � G |- x : sG |- F : (s fi t), G |- a : s � G |- (F a) : t

G, x : s |- M : t � G |- (lx:s.M) : (sfit)

Applications of the lambda calculus17Examples DefineIs = lx:s.xKst = lx:sly:t.xSstr = lx:sfitfirly:sfitlz:s.xz(yz)Then |- Is : sfis |- Kst : sfitfis |- Sstr : (sfitfir)fi(sfit)fisfirNon-empty contextx:s |- Is x : s

Applications of the lambda calculus18Substitution theoremG |- M : s � G* |- M : s** is a substitutionG, x:s |- M : t & G |- N : s � G |- M[x:=N] : tSubject reduction theoremG |- M : s & M fifib M« � G |- M« : sStrong normalization theoremG |- M : s � M is strongly normalizingPrincipal type theorem (Curry version)[Curry, Hindley 1969]If M is typable, then M has a principle pair (G0,s0):G0 |- M : s0G |- M : s � (G,s) = (G0,s0)* * is a substitutionMoreover, (G0, s0) can be found effectively from M.Uniqueness of types theorem (Church version)G |- M : s & G |- M : s« � s = s«

Applications of the lambda calculus19Functional Programming languageML is essentially lfiCurry extended with1. |- Y : (s fi s) fi swith reduction ruleY fid lf.f(Y f)2. Types Nat, bool for the natural numbers and booleans with|- zero : Nat, |- succ : Nat fi Nat, |- pred : Nat fi Nat,|- zero? : Nat fi bool|- conditional : bool fi s fi s fi s �if B then p else q�pred (succ x) fid xzero? zero fid true zero? (succ x) fid falseconditional true p q fid pconditional false p q fid p3. The let construction:

let id

be lz.z in lfx.(id f)(id x)Intended meaninglfx.((lz.z) f)((lz.z) x)(lid lfx.(id f)(id x))(lz.z)

Applications of the lambda calculus20

Theorem All computable functions can berepresented in ML

Proof We only do primitive recursion. Letf(0) = 13f(k+1) = h(f(k),k)and suppose that h is represented by H.Then f can be represented by F such thatF k fifib if zero? k then 13 else (H (F (pred k)) (pred k))Such an F can be found using Y. nThere are two variants of functional languages, the eager and the lazy ones.In an eager language evaluation of F A first A isreduced and then F acting on some normal form of M.In a lazy language F A is evaluated directly and A isreduced later.ML is usually eager. Clean and Haskell are lazy.In lazy languages one can deal with �infinite� objects,like the list of all primes[2,3,5,...]and evaluatetake 3 [2,3,5,...] = [2,3,5]

Applications of the lambda calculus21Excerpts from a clean programProjective view on a cubeimplementation module matriximport StdEnvcons :: a [a] -> [a]cons x xs = [x:xs]zipWith :: (a->b->c) [a] [b] -> [c]zipWith f xs ys = map (uncurry f) (zip2 xs ys)repeat :: a -> [a]repeat x = xs where xs = [x : xs]:: Matrix :== [[Real]]matmult :: Matrix Matrix -> Matrixmatmult xss yss = map f xss where f a=map (inprod a) (transpose yss)inprod xs ys=sum (zipWith (*) xs ys)t r a n s p o s e =foldr (zipWith cons) (repeat [ ])

Applications of the lambda calculus22implementation module transformationsimport StdEnv, matrix// Points and linear maps:: TwoDPoint:==(Real,Real):: ThreeDPoint:==(Real,Real,Real):: FourDPoint:==(Real,Real,Real,Real):: LinMap:==Matrix// 4-D matrix applicationtoMatrix :: FourDPoint -> MatrixtoMatrix (x,y,z,w) =[[x],[y],[z],[w]]toPoint :: Matrix -> FourDPointtoPoint [[x],[y],[z],[w]] = (x,y,z,w)apply4 :: LinMap FourDPoint -> FourDPointapply4 m v = toPoint (matmult m (toMatrix v))// projection of 4-D linear maps to 3-D maps via//homogeneous coordinatespointtohom :: ThreeDPoint -> FourDPointpointtohom (x,y,z) = (x,y,z,one)homtopoint :: FourDPoint -> ThreeDPointhomtopoint (x,y,z,w) = (x,y,z)apply :: LinMap -> (ThreeDPoint -> ThreeDPoint)apply f = homtopoint o (apply4 f) o pointtohom// standard matrices:: ThreeDVector :== (Real,Real,Real):: Angle :== Realrotationxmap :: Angle -> LinMaprotationxmap t=[[one,zero,zero, zero],[zero, cos t,~(sin t),zero],[zero, sin t, cos t,zero],[zero, zero,zero,one]]

Applications of the lambda calculus23Exercises2.1 Solve(i)|- W : ?W = lxy.xyy(ii)|- ? : (s fi t) fi (t fi r) fi (s fi r)(iii)? |- f [x,y] : p2.2 Prove that of the following two terms one istypable in lfi and the other not.lxy.x(xI)ylxy.x(Ix)y2.3 Write a functional program for the factorial.2.4 Prove that the normalization theorem implies thatnot all computable functions are representable in lfi.2.5 A type s is called inhabited if |- M : s for someterm M. Prove the following result by Statman. Lets = s1 fi s2 fi ... fi sn fi pbe a type containing only p as type variable. Then s is inhabited � $i˛{1,...,n} si is not inhabited.This gives a decision method for inhabitation for typesbuilt from only one type variable.

Applications of the lambda calculus243Interactive functional programsAutistic programmingCompute p in 100 decimalsPi 100 fifib 3.141592653589....Interactive programmingMost contemporary applicationsControl of traffic, factory, systemSimple example:read two numbers and print their differenceMLP = write ( read - read )

Applications of the lambda calculus25Continuationsl + read + write + stopSemantics M ˚ Mhnf read F write b F stop F a1 F

Input streamOutput stream a1, a2, .... b, ...

Applications of the lambda calculus26The process of reading two inputs and printing the sum becomesP ” read(lx.read(ly.write (x+y) stop))The process of continuously reading two inputs and printing the sum becomesQ” read(lx.read(ly.write (x+y) Q))” Y(lq.read(lx.read(ly.write (x+y) q)))This essentially happens in the language HaskellUsing this idea arbitrary interactive programs can bewritten

Applications of the lambda calculus27Disadvantages¥This interaction is obtained by ’delegation’Some of the output b’s have to be interpretedPut 7+7 on the screen:write ’echo (7+7)’ stopPrint 7+7:write ’lpr (7+7)’ stop¥Execution order has to be overspecifiedPrint 7+7 and put it on the screen (any order)write ’echo (7+7)’ (write ’lpr (7+7)’ stop)write ’lpr (7+7)’ (write ’echo (7+7)’ stop)There is a natural solution without having to rely on �theoretical� non-determinism.

Applications of the lambda calculus28The world as valuesIn the language Clean interaction is not done viadelegation, but by direct operation.In order to describe the method we want to be moreexplicit about what happens with continuations.LetIn = [a1, a2, a3, ... ]Out= [ ... , b3, b2, b1]be the input and output streams. We want to mentionthem explicitly with the continuations.read F <[a,In], Out> = F a <In, Out>write b F <In, Out> = F <In, [b, Out]>In this way the input and output streams are taken intothe functional world and operated on.One has to be careful: In and Out may not be copied,the have to be unique. This can be checked by a typesystem.

Applications of the lambda calculus29Having that, the umbellical cord to the world<In, Out>can be improved by having as copy of the worldsomething like<keybord, mouse, screen, files, printer>

Applications of the lambda calculus30Uniqueness typesWant a type system such thatf : File, write : File fi Char fi File |- ... write �a� f ...warrants that f occurs only one time at the RHSlfi resource conscious versionx : s |- x : s

G, x : s |- M : t � G |- (lx.M) : (sfit)G |- F : (s fi t) & D |- a : s & G,D disjoint � G, D |- (F a) : t

G |- M : t � G, x : s |- M : t weakening

G, x : s, x« : s |- M : t� G, y : s |- M[x:=y,x«:=y] : t contraction lfiL first three ruleslfiA = lfiL + weakeninglfi = lfiA + contraction

Applications of the lambda calculus31lfiU (Barendsen & Smetsers) is the following systemType annotationstype = typevar | atype fi atypeatype = type | * typeSubtyping*p £ pAfiB£A«fiB« � *(AfiB)£*(A«fiB«) � A«£A & B£B«Permissiveness [ ] : atype fi type[p] = [*p] = p[AfiB] = A fi B[*(AfiB)] = › (undefined)x : s |- x : sG, x : s |- M : t � G |- (lx.M) : ˙G(sfit)where ˙G = * if (z:*A)˛G, nothing elseG |- F : (s fi t) & D |- a : s & G,D disjoint � G, D |- (F a) : tG |- M : t � G, x : s |- M : t weakeningG |- M : s, s£t � G |- M : t subsumptionG, x : [s], x« : [s] |- M : t� G, y : s |- M[x:=y,x«:=y] : t [ ]-contraction

Applications of the lambda calculus32Exampleimplementation module figureioimport StdEnvimport deltaEventIO, deltaIOSystem, deltaPicture, deltaWindowIOStart :: *s (Int,Int) (Keybdfct *s (IOState *s)) (UpdateFunction *s) *World-> *WorldIOStart initstate windowsize keybdfct updatefunction world = CloseEventsevents‘ world‘w h e r e (s, events‘) =StartIO [menu, window] initstate [ ] events(events, world‘)=OpenEvents worldm e n u =MenuSystem [file];file=PullDownMenu 1 "File" Able[ MenuItem 2 "Quit" (Key ’Q’) Able Quit]window =WindowSystem [ ScrollWindow 3 (0,0) "Picture"(ScrollBar (Thumb 0) (Scroll 10)) (ScrollBar (Thumb 0) (Scroll 10))((0,0), (1000,1000)) (50,50)windowsize updatefunction[Keyboard Able keybdfct, GoAway Quit]]Quit state io = (state, QuitIO io)Start :: * World -> * WorldStart world =IOStart InitState (windowwidth,windowheight) KeyboardHandlerUpdate world

Things go well because menu operations are higher-order functions and these can be handled

Applications of the lambda calculus33For Clean information, a quality compiler andexamples can be obtained fromhttp://www.cs.kun.nl/~clean3. Exercises3.1 Write a continuation program that reads from theinput list of integers and adds them until a zeroappears; then the sum obtained thus far is put on theoutput stream and the process is stopped.3.2 Write a continuation program that reads from theinput list of integers and puts the square of each non-zero integer on the output stream until a zero comesin; then the input is discarded and the process waitsuntil the next zero comes in; then the processcontinues putting the squares of the (non-zero)numbers on the output stream; etcetera forever.

Applications of the lambda calculus344The quest for correctnessCorrectness: becomming commercially importantscientifically this was always the caseTechnologyProducts consisting of componentsconsisting of components ....

Applications of the lambda calculus35

The Chinese box

Applications of the lambda calculus36Compositional modulesS1(x1), ... , Sn(xn) |- S(x)wherex = f(x1, ... , xn)For reliable products we want proofs hereHardware » propositional logicSoftware» predicate logicMathematics» predicate logic + computations

Applications of the lambda calculus37Proofs of understandable statements are importantBut may be difficultWhy are they correct?¥Understanding by anybody¥Understanding by trained person¥Sociological verification: peer reviews¥Machine verification of formal versionsAim: highest degree of certaintyShould we believe machine checked proofs?Methodology (N.G. de Bruijn)The verifying program should be smallsmall enough to be checked by hand

Applications of the lambda calculus38Case study: proof-checking mathematics¥understandable statements¥non-trivial¥will have spin-off for verification of programsNotion of proof in mathematicsThales – 600 BCfirst proofsPlato – 400 BCemphasis on importance of proofsAristotle – 300 BCaxiomatic methodquest for logicproof verification „ proof findingEuclid – 275 BCaxiomatic geometryFrege – 1870 full description of logicRussell – 1910 formalised mathematicsde Bruijn – 1970computer verification in type theory

Applications of the lambda calculus39In mathematicsIn context G we have ALogicG |-L A because of proof pType theory[G] |-l [p] : [A]Automated verificationtype[G]([p]) = [A]

Applications of the lambda calculus40Statement A of predicate logic are translated as typesCurry, Howard, de Bruijn:propositions�as�types interpretation[A] = type (set) of proofs of A[A � B] = [A] fi [B]["x˛X.P]= Px:X.[P]ExampleG = X: set, P:XfipropG |- l (ly:[Px].y) : [Px � Px]G |- l (lx:X ly:[Px].y) : ["x:X.Px � Px]

Applications of the lambda calculus41Other example

Proposition. Let R be a binary relation on a set A.ThenR is antisymmetric fi R is irreflexive.

Proof. Antisymmetry is"ab[Rab fi ´Rba].Let a˛A be arbitrary and supposeRaa.Then´Raa,contradiction. Therefore"a ´Raa. n

Applications of the lambda calculus42In lambda notation.G = A:set, R:AfiAfipropG |- ?? : antisym R fi irrefl R.?? = lp:antisym R la:A lq:irrefl R.paaqq.IndeedG, p : antisym R |- p : "ab[Rab fi Rba fi ^]G, p : antisym R, a:A|- paa : Raa fi Raa fi ^G, p:antisym R, a:A, q:Raa|- paaqq : ^G, p : antisym R, a:A |- lq:Raa.paaqq :Raa fi Raa fi^G, p : antisym R |- la:A lq:Raa.paaqq: "a [Raa fi Raa fi^]= irrefl RG |-

lp:antisym

Rla:Alq:Raa.paaqq :antisym R fi irrefl RCurry version: lpaq.paaqq

Applications of the lambda calculus43Hilbert style proof ofantisym R |- irrefl RAssumeantisym R ” "ab [Rab fi Rba fi ^]soRaa fi Raa fi ^We know(Raa fi Raa fi ^) fi (Raa fi ^)(*)soRaa fi ^ ” irrefl RAs to (*)a s s u m e p fi p fi ^ax(p fi (q fi r)) fi (p fi q) fi (p fi r)s u b s t (p fi ((rfip) fi p)) fi (p fi (rfip)) fi (p fi p)axp fi (q fi p)s u b s t p fi ((r fi p) fi p)MP(p fi (rfip)) fi (p fi p)ax(p fi (rfi p))MP(p fi p)ax(p fi (p fi ^)) fi (p fi p) fi (p fi ^)MP(p fi p) fi (p fi ^)MPp fi ^

Applications of the lambda calculus44Natural deduction proofs » lambda termsHilbert style proofs» combinatorsId = lx.x= S K Kwith S = lxyz.xz(yz)K = lxy.xTranslationlxy.yx = S (K (S I)) KTranslation from l-term into combinatory term isexponential or if one uses suitably chosencombinators quadratic. Best result byStatmanO(n.log n)ConclusionBetter use lambda terms

Applications of the lambda calculus45Constructing formal proofsQuestionHow do we obtain proof-objects?Proofs can be produced by¥a trained person¥ a cooperation between a trained person and a computerInteractive proof development systemsLego, Coq

proof developmentsystemproofcheckerverifiedstatementtacticsmacro expandertacticalsGoalProducing proof-objects with the same effort aswriting in, say, LaTeX

Applications of the lambda calculus46Pure Type SystemsGeneral rules PTS G |- A : sStart -----------x fresh G, x:A |- x : A G |-A : B G |- C : sWeakening ----------------x fresh G, x: C |- : B G |- F : (Px:A.B) G |- a : AApplication -------------------------- G |- Fa : B[x:=a] G, x:A |- A : B G |- (Px:A.B) : sAbstraction ------------------------------- G |- (lx:A) : (Px:A.B)G |- A : B G |- B’ : sConversion ---------------------B =b B’ G |- A : B’term ::= var | const | term term | l var:term term | P var:term term

context ::=<x1 : A1, ... , xn : An> statement ::=term : term

Applications of the lambda calculus47Specific axioms and rules for PTSSpecification of a PTSSortsSs1, s2, ....AxiomsAs1: s2, ....Rules R(s1, s2, s3), ....Let s1, s2, s3 ˛ S. The following rules are declared bythe specification of the PTSaxioms<> |- s1 : s2for s1 : s2 in A G |- A : s1 G, x:A |- B : s2Product -------------------------- for (s1, s2, s3) in R G |- (Px:A.B) : s3Write(s1, s2) = (s1, s2, s2)

Applications of the lambda calculus48lfiSimply typed lambda calculusPropositional logicS*, n

A* : n

R(*, *) l2Second order lambda calculusSecond order propositional logicS*, n

R(*, *), (n, *) lPDependent typesS*, n lCCalculus of constructionsS*, n

R(*, *), (n, *), (*, n), (n, n)

Applications of the lambda calculus49Information about proof assistents by Frank Pfenning,CMU, under the name "Logical Frameworks" can beobtained fromhttp://www.cs.cmu.edu/afs/cs.cmu.edu/user/fp/www/lfs.htmlor via my home pagehttp://www.cs.kun.nl/~henk/

Applications of the lambda calculus50Exercises4.1 Construct a lambda term p such thatX:set,P:Xfiprop,Q:prop |- p :"x.(PxfiPxfiQ)fiPxfiQHence p is a proof-object for"x.(PxfiPxfiQ)fiPxfiQ.We can do this in lP taking set = prop = *.4.2 Construct a proof in l2 of ("p:* (AfiBfip)fip)fiB.

Applications of the lambda calculus515 Computations and proofsDoing mathematicsreasoningdefining

computing

Computations are needed for asserting e.g. thefollowing statements[�45] = 6Prime (61)(x+1)(x-1) = x2 -1Babylonians were good at computations but no proofsGreek were good at proving but had few computationsFormal proofs of computations should not be done in first order predicate logic with equalityLaw of Ruys:proofs of an equation are quadratic in size ofstatement

Applications of the lambda calculus52Poincar� principleIf in a mathematical argument we need2 + 2 = 4this is not a proof in the strict sense, but just averificationIn type systems this becomesp proves A(t)�p proves A(s)t fiR s�de Bruijn adopted the PP for bd-reductionScott and Martin-L�f later for i-reductionRecursor R for primitive recursion over naturalnumbers but also trees and other data structuresR a b

0 fii aR a b

n+1 fii b n (R a b n)

Applications of the lambda calculus53ExamplesUsing R one can make an F such thatF

n fibdi [�n]˚Proof obligation"n (F n)2 £ n < ((F n)+1)2

Applications of the lambda calculus54Symbolic computing consists of manipulationswith syntactic expressionsx+1 : Int�x+1� : term(Int)There is a self-interpreterE �t� fibdi tThere is a term simplify such thatsimplify �(x+1)(x-1)� fibdi �x2 -1�Proof obligation" t:term(Int). E(simplify t) = E t

Applications of the lambda calculus55ThenE(simplify �(x+1)(x-1)�) = E �(x+1)(x-1)�E �x2 -1� (x+1)(x-1) x2 -1sox2 -1 = (x+1)(x-1)Goes smoothly in new versions of Lego and Coq

Applications of the lambda calculus56For checking primality, one can construct from therecursor R a function KPrime such thatKPrime n=true if n is a prime;= false else.Proof obligation"n [(Prime n � KPrime n =

true)& (KPrime n = true or KPrime n = false)]wherePrime n � "d<n (d | n fi d =

1) & n>1M. Oostdijk automatised this for all primitive recursivefunctions and predicatesH. Elbers constructed by hand a different KPrime byapplying Fermat�s little theorem(together with the needed proof of correctness).

Applications of the lambda calculus57General pattern of computationsp fi1 ... fi1 p1-nf = f1(p)

p fi2 ... fi2 p2-nf = f2(p)

............................................................................

F1 p fibdi ... fibdi f1(p)

F2 p fibdi ... fibdi f2(p) with proof obligations"p S1(p, F1 p)"p S2(p, F2 p)........................................

Applications of the lambda calculus58Extending the use of the Poincar� PrincipleFixedpoint reductionY f fiY f (Y f)Arithmeticadd

nm fiA n+m

Applications of the lambda calculus59ConclusionComputer Algebra¥Representing �2 exactly¥Symbolic computationsComputer Mathematics¥Representing exactlyX = {n˛N | ´ $ x1...xk p(x1,...,xk,n) = 0}¥Stating properties about infinityWe can state with confidence that3˛{n˛N | ´ $ x1...xk p(x1,...,xk,n) = 0}orThere are infinitely many primesbecause of having

proofsEven if a statement A may not be decidable, the statementp proves Ais decidable

Applications of the lambda calculus60Applications of Computer Mathematics¥Different function of referees¥Library of Mathematics¥EducationInteractive books¥Interactive theorem proving¥Computational meaning of theorems|- "x$yA(x,y)� $ f computable |- A(x,f(x))provided that A is decidable¥Numerical values automatically

Applications of the lambda calculus61TacticsGoal {x:nat} Ex [y:nat] and (less_nat x y) (is_prime y); Intros x; z == succ (fac x); (* let z be x! + 1*) Refine has_prime_factor z;(* we have a prime factor of z, if 1 < z* ) Refine le2less;(* we have 1 < z, if 1 <= x!* ) Refine faculty_lemma;(* prove 1 <= x!* ) Intros y PF;(* assume y, assume prime factor(y,z)*) D == fst PF : divides y z;(* so y | z *) P == snd PF : is_prime y;(* so prime(y)*) H == fst P : less one y;(* so 1 < y* ) Refine ExIntro |? ?| y;(* take y and prove x < y & is_prime(y)* ) Refine pair ? P;(* we have x < y and is_prime(y), if x < y*) Refine less2not_le;(* we have x < y, if not(y <= x) *) Intros H1;(* assume y <=x, prove absurd *) Refine less_irrefl one;(* we have absurd, if 1 < 1 *) Refine less_exten ? ? H;(* we have 1 < 1, if 1=1 & y = 1 & 1 < y *) Refine eq_refl;(* prove 1 = 1*) Refine divides_lemma ? D;(* we have y = 1, if y|x! & y|z *) Refine fac_divides ? ? ? H1;(* we have y|x!, if 1 <= y & y <= x *) Refine less2le;(* we have 1 <= y, if 1 < y + 1 *) Refine less_succ H;(* prove 1 < y + 1, using 1 < y *)===================================================================================Proof-object (M. Ruys)= [x:el Nat]infinitely_bounded_primes_exist x (Ex%%(el Nat) ([y:elNat]and (ap2%%Nat%%Nat%%Omega LessN x y) (is_prime y))) ([y:elNat][H:and (and (ap2%%Nat%%Nat%%Omega LessN x y)(ap2%%Nat%%Nat%%Omega LessEqN y (succ (fac x)))) (is_primey)]ExIntro%%(el Nat) y ([y’4:el Nat]and (ap2%%Nat%%Nat%%OmegaLessN x y’4) (is_prime y’4)) (pair%%(ap2%%Nat%%Nat%%OmegaLessN x y)%%(is_prime y) (fst%%(ap2%%Nat%%Nat%%Omega LessN xy)%%(ap2%%Nat%%Nat%%Omega LessEqN y (succ (fac x))) (fst%%(and(ap2%%Nat%%Nat%%Omega LessN x y) (ap2%%Nat%%Nat%%OmegaLessEqN y (succ (fac x))))%%(is_prime y) H)) (snd%%(and(ap2%%Nat%%Nat%%Omega LessN x y) (ap2%%Nat%%Nat%%OmegaLessEqN y (succ (fac x))))%%(is_prime y) H)))];

Applications of the lambda calculus62Proposed systems for Computer MathematicsTS = PTS + extra reductionMake a general system with a �joystick�

logical strengthcomputational strengthautomathMartin-L�fCoq/Legolambda cube